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Leptonic decays of the tau lepton
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Abstract. In these proceedings we review the SM prediction for the tau leptonic
decays, including the radiative (r — £fyv¥) and the five-body (v — ££'¢'vv)
decay modes, which are among the most powerful tools to study precisely the
structure of the weak interaction and to constrain possible contributions beyond
the V-A coupling of the Standard Model.

1 Introduction

The leptonic decays of the tau are among the most effective tools to study the structure of
the weak interaction the Standard Model (SM) and possible hints of new physics via the
Michel parameters [1-4]. Michel parameters can be measured not only in three-body decays
(r — ¢vv) but also in muon and tau radiative modes [5-8],

U= evy, (H
T — {yvy, with€ =y, e, 2)
and in the rare five-body decays [9]
U — eeevv, 3
T vy, with €, = u,e. )

The BABAR and BEeLLE collaborations measured the 7 — £yv¥ branching ratios for a min-
imum photon energy of wy = 10 MeV in the tau rest frame [8, 10]. These measurements,
with a relative error of about 3% (BABAR) and 6% (BELLE), must be compared with the SM
predictions at next-to-leading order (NLO). Indeed these radiative corrections are not pro-
tected from mass singularities by Kinoshita-Lee-Nauenberg (KLN) theorem [11, 12] and are
of relative order (a/x) In(m,/m;) In(wy/m;), corresponding to a 10% correction for £ = e, and
3% for £ = u. A study of five-body leptonic decays at BELLE is ongoing with a data sample of
about 0.91 x 10° r*7~ pairs [13-15].

These leptonic modes are also an important source of background to Charge Lepton
Flavour Violation (CLFV) searches. The radiative decays (1,2) can mimic the SM forbidden
processes u — ey and T — {y, while the five-body decays (3,4) are among the background of
1 — eee conversion at the MU3Ee experiment [16], and T — ¢£’¢’ conversion at e*e™ colliders.
Indeed they are all indistinguishable from the CLFV signal except for the energy carried out
by neutrinos.

These proceedings review the NLO predictions for the tau and muon radiative decays [17,
18] and five-body decays [19, 20]. We also report the NLO corrections to the branching ratios
for the tau decays (4), omitted in Refs. [19, 20].
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2 Details of the calculation

We adopted the Fermi V-A effective theory of weak interactions:

4Gp - _
L= Lopp + Locp — TZF(wv,y‘*Pw» - (PeYaPriy,) + hec., )

with £ = u, e and where ¥, s Wes Wyes Yv,» Uy, are the fields of tau, muon, electron and
their associated neutrinos, respectively; Py = (1 — y5)/2 is the left-hand projector. A Fierz
rearrangement of the four-fermion interaction (5) allows to factorize the amplitudes into the
product of spinor chains depending either on the neutrino momenta or on the muon and
electron ones (see Appendix A.3 in [19]), so that the neutrino’s phase space integration can
be done analytically.

The one-loop amplitudes are reduced to tensor integrals with Form [21] and the Mathe-
matica package FEyNCaLc [22, 23], then exported to Fortran for their numerical integration.
Our code uses LoopTooLs [24, 25] as well as CoLLIER [26] for the computation of the one-loop
tensor coefficients, which can be both employed and compared. The numerical integrations
are performed with a standard Monte Carlo via the VEGas [27] algorithm in Cusa [28].

Ultraviolet divergences are regularized via dimensional regularization and renormalized
in the on-shell scheme. A small photon mass is introduced to regularize the infrared (IR)
divergences, while the finite electron and muon masses regularize the collinear ones. In order
to handle the IR divergences, we adopted a phase-space slicing method and as well as the
QED dipole subtraction [29] to improve numerical stability of our code when dealing with
the tau five-body decays.

3 The radiative decays

T — evyy T — uvvy u—evvy u—evvy
Bio 1.834-1072 3.663 - 1073 1.308 - 1072 6.204 - 1078
Ble ' —1.06 (1),(10)y - 107> =58 (1),(2)y - 107> —1.91(5),(6)y - 107* —=3.61(8),(21)y - 10~°
B¢ —1.89(1),(19)y - 1073 =9.1(1),B)y - 107 =2.25(5),(7)y - 107* =3.61(8),(21)y - 107°
B 1,728 (10)w(3), - 1072 3.605 (2)i(6), - 1073 1.289 (1), - 1072 5.84 (2)p - 1078
BB 1.645(19)1(3). - 1072 3.572 (3)p(6), - 1073 1.286 (1), - 1072 5.84 (2)y - 1078

Table 1. Branching ratios of radiative u and 7 leptonic decays. The minimum photon energy wy is
10 MeV, except for the last column, where wy = 40 MeV and E{,‘““ = 45 MeV. Inclusive and
exclusive (8™/F*) predictions are separated into LO contributions (8B,,) and NLO corrections
(BL"LC(ﬁEXC). Uncertainties were estimated for uncomputed NNLO corrections (N), numerical (n) and the
experimental errors of the lifetimes (7). The first two were combined into a total uncertainty (th).

At NLO, which allows for double photon emission, the branching ratios of the radiative
decays (1) and (2) can be distinguished in two types:

Inclusive: measurement of the branching ratios, By,.(wp), where at least one photon in the
final state has an energy grater than wy.

Exclusive: measurement of the branching ratios, Bgx.(wy), where one, and only one photon
in the final state has an energy grater than wy.



Exclusive and inclusive branching ratios for the radiative decays were computed in [17]
and [18] for a threshold wy = 10 MeV, and are reported in Tab. 1. Uncertainties were
estimated for unknown NNLO corrections, numerical errors, and the experimental er-

rors of the lifetimes. For wy = 10 MeV, the former were estimated to be 6B§’I‘fc/)lnc ~

(a/m) In(me/my) In(wo/my) Bg’%lncz about 10%, 3% and 3% for T — evvy, T — uvvy and
u — evvy, respectively (they appear with the subscript "N" in Tab. 1). Numerical errors (7)
are smaller than those induced by missing radiative corrections. These two kinds of uncer-
tainties were combined to provide the total theoretical error of BE*¢/In¢ (th). The uncertainty
due to the experimental error of the lifetimes (7) is also reported.

BABAR and BeLLE measurements of the branching ratios of (2), for a minimum photon
energy wo = 10 MeV in the 7 rest frame, are [8, 10]:

Bispar (T — evvy) = 1.847 (15)5(52)y X 1072, 6)
Bispar (T = pvvy) = 3.69 (3)s(10)y X 1073, @)
By (T — evvy) = 1.79 (2)5(10)gy X 1072, ®)
Byae (T = pvy) = 3.63 (2)5(15)5y X 1073, C)

They are substantially more precise than the previous measurements by CLeo [30]. The ex-
perimental values in Eqgs. (6-9) were obtained requiring a signal with either a muon or an
electron, plus a single photon; they must therefore be compared with the exclusive branching
ratios in Tab. 1. For r — uvvy decays, the BABAR and BeLLE measurements and predic-
tion agree within 1.1 o and 0.4 o, respectively. On the contrary, the BABAR’s values for
T — epvy differs by 2.02(57) x 1073, i.e. by 3.5 . In [18] it was showed showed that very
plausibly the 3.5 o discrepancy between the BABAR measurement of 8(r — eyv¥) and the
NLO result is related to not using a full NLO calculation when estimating the efficiencies.
The branching ratio of radiative muon decays was measured long ago for a minimum
photon energy wy = 10 MeV [31], and more recently by the MEgG collaboration for wy =
40 MeV and minimum electron energy E™" = 45 MeV (in this case, 8™ and 85 coincide):

B (U — ePvy,wo=10MeV) = 1.4(4) x 1072 [31], (10)
Bue (1 = €77y, w9 =40 MeV, EF™ =45 MeV) = 6.03 (14)4(53)y x 107 [32]. (1)

Both measurements agree with our theoretical predictions (see Tab. 1). New precise results
are expected from the MeG [32] and PiBeTa [33] collaborations.

4 The five-body decays

The LO branching ratios and the NLO corrections for the five-body decays (3,4) are presented
in Tab. 2. The second column shows the branching fraction at LO, while the third and the
fourth report separately the NLO contributions due to photons and leptons only (the dominant
part) and the correction given by the hadronic vacuum polarization. The last column displays
the shift of the LO branching ratio induced by radiative corrections. The uncertainties in
Tab. 2 are the errors from numerical integration. On top of the quoted uncertainties, for the
tau one must take into account also the error due to the tau lifetime; at present it corresponds
to a fractional uncertainty o7./7, = 1.7 X 1073 [34], which is of the same order of magnitude
as the NLO corrections for the first two modes in Tab. 2. For the rare muon decay the error
due to the lifetime is negligible.

The NLO corrections to the branching ratios are of order 0.1% for the tau decays in-
volving at least two electrons (the first two modes in Tab. 2) and the five-body muon decay.



Bio 6B 6Braa 6B/B

T > eeevy  4.2488(4)x107°  -42(1)x 107 -1.0x10° -0.1%
T — peevy  1.989 (1) x 107 44(1)x 107 -6.6x107'% 02%
T eppvy 12513(6)x 107 2.70(1)x 107 -3.6x 107"  1.8%
T > pupvy 1.1837(1)x 107 2.276(2) x 102 -3.5x1071%  1.6%

U — eeevi  3.6054(1)x 107° —6.69(5)x 108 —1.8x 107"  0.2%

Table 2. LO and NLO branching ratios of 7 — €£'¢'vv (with £, ¢’ = e, ) and u — eeevy. The NLO
correction due to photons and leptons only is denoted by 68, while the non-perturbative contribution
given by the hadronic vacuum polarization is denoted by 68y,4. The last column report the ratio
between the NLO correction and the LO branching ratio. The uncertainties are the error due to
numerical integration.

They are one order of magnitude larger for the tau decays into at least two muons (the third
and fourth modes in Tab. 2). Such difference is caused by the running of the fine structure
constant . In the decays 7 — epuvv and T — puuvv the off-shell photon that converts into
u*u is forced to acquire an invariant mass of at least twice the muon mass and therefore the
electron’s contribution to the photon vacuum polarization generates a logarithmic enhance-
ment - log(4m/21 /m2), which can be reabsorbed into the redefinition of « by substituting
a— a(4mﬁ). Note indeed that the shift induced by the running of @ is 2 X Aoz(4mi) =1.2%,
of the same order as the NLO corrections. This does not contradict the KLN theorem, which
guarantees that radiative corrections are free from mass singularities except for those that can
be reabsorbed into the running of coupling constant.

The branching ratio of (3) was measured long time ago by the SINDRuM experiment [35],

Bexp(u™ = e"e"e7v,v,) = 3.4(4) X 1073, 12)
while for the tau five-body decays, the CLEo experiment measured [36]
Bexp(T = ee"e*vv) = 2.8(1.5) x 107, (13)

and established for T — peevy the upper bound Bex,(t — pe~e*vv) < 3.2x107° at 90% C.L..
All available experimental measurements are in good agreement with the results in Tab. 2.
BELLE is expected to present soon new measurements of the branching fractions for v — eeevy
and T — peevv, and to report upper bounds for the other two modes [13-15].

5 Impact on CLFV Searches.

Branching ratios of five-body decays are protected from large logarithmic corrections by the
KLN theorem. However selection cuts on the final state can enhance the role of radiative
corrections even up to 10%. As an example, we discuss here the size of these corrections
in the specific final-state configuration of (3) where the neutrino missing energy (£) is very
small and the visible energy (Ey;;) is close to m,. This region is particularly important for the
Mu3E experiment. Indeed, in this phase-space point the muon decay (3) becomes a source of
time- and space-correlated background for the CLFV three-body decay u — eee.

Fig. 1(left) displays the normalized NLO differential rate as function of the three-electron
invariant mass m»3, close to the end point m 3 = m,. The local K-factor is shown in the
lower part. The rate, evaluated at fixed value of m,3, is fully inclusive in the bremsstrahlung
photon contribution. Fig. 1(right) shows the branching ratio BnLo(Emax) versus the cut on
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Figure 1. The branching ratio of u — eeevv at NLO as a function of the invariant mass of the three
electrons m,;3 (left) and the cut on the invisible energy En.x (right). The ratio between the NLO and LO
predictions is depicted in the lower part of each panel. The error band (magnified 10 times) represents
the assigned theoretical error. Figures taken from [19].

the missing energy (upper panel) and its relative magnitude with respect to the LO prediction
(lower panel). The branching ratio B(E.y) is calculated with a cut on the missing energy
E = my—Eis < Emax. Both distributions in Fig. 1 show that radiative corrections decrease the
LO prediction by about 10 - 20%, depending on the cut applied on the missing energy. Hence,
the background events for t — eee due to the decay (3) are fewer than what is expected from
a tree-level calculation.

6 Conclusion

We have reviewed the NLO predictions for the decay v — {fyvv and T — £€'¢'vv, with
¢, = e, which were presented in [17-20]. The precise measurements by BABAR (BELLE)
of the branching ratio B(tr — uvvy), for wy = 10 MeV, agree with our prediction within 1.1 o
(0.40). On the contrary, BABAR’s measurement of B(t — evvy), differs from our prediction
by 3.50. This puzzling discrepancy deserves further researches.

Radiative corrections shift B(t — ££'{'vv) by about 0.1%, for the modes with at least
two electrons, and by 1% for the modes with at least two muons. These corrections are small
because of cancellation of mass singularities in inclusive observables. The only logarith-
mic enhancement appearing in five-body decays is due too the running of the fine structure
constant a.

Detector acceptances and selection cuts can enlarge the magnitude of radiative corrections
up to 10% level also for T — ££'¢’vv. For instance the u — eeevv differential rate, when the
total visible energy is close to the muon mass, is decreased by about 10 - 20 %. This corner
of the phase space is of particular importance for the Mu3E experiment since the decay is a
background process to the CLFV decay u — eee.
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