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The problem: a first principle QCD description for the TFF

HIGH ENERGIES (pQCD)

• Space-like (SL) FPγ∗γ∗(Q
2
1 ,Q

2
2 )

FPγ∗γ∗(Q2
1 ,Q

2
2 ) =

∫
dx TH(x ,Q2

i , µ)ΦP(x , µF )

• φP(x , µF ) non-pert. → MODELLED!

• TH(x ,Q2
i ) perturbative in αs(Q

2
i )

P

γ∗

γ

TH(x,Q
2) ΦP (x, µF )

Fπγγ∗ (0,∞)=2FπQ
−2

Fπγ∗γ∗ (∞,∞)=(2/3)FπQ−2

LOW ENERGIES (χPT )

• ABJ anomaly prediction FPγγ(0, 0)

• Extensions for Q2
i > 0 poor (vectors)

• MODEL the vectors (i.e.: RχPT )

P

P−

P+

γ∗

γ

WZW

Fπγγ(0,0)=(4π2Fπ)−1
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The problem: a first principle QCD description for the TFF

Objectives and strategies

—What do we want?
A model-independent approach for pseudoscalar transition form factors

Input in HLbL calculations —talk by A. Nyffeler

—What is the philosophy?
Full use of data, QCD constrains, analiticity

—How to implement for single-virtual case?
We propose to use Padé Approximants

—How to implement the double virtual Form Factor?
Generalize our approach to bivariate functions: Chisholm Approximants
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—How to implement the double virtual Form Factor?
Generalize our approach to bivariate functions: Chisholm Approximants



Pseudoscalar-exchange contribution to (g − 2)µ from rational approximants — and connection to P → `` decays —

Motivation and Introduction to the Method

The problem: a first principle QCD description for the TFF

Objectives and strategies

—What do we want?
A model-independent approach for pseudoscalar transition form factors

Input in HLbL calculations —talk by A. Nyffeler

—What is the philosophy?
Full use of data & QCD constrains on transition form factors

—How to implement for single-virtual case?
We propose to use Padé Approximants
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Padé Approximants: Introduction to the method

Given a function with known series expansion

FPγγ∗(Q
2) = FPγγ∗(0)(1 + bPQ

2 + cPQ
4 + ...)

Its Padé approximant is defined as

PN
M(Q2) =

TN(Q2)

RM(Q2)
= FPγγ∗(0)(1 + bPQ

2 + cPQ
4 + ...+O(Q2)N+M+1)

Convergence th.⇒Model-independency

Increase{N,M} ⇒ Systematic error estimation

P0
1 =

FPγγ∗(0)

1− bPQ2
= FPγγ∗(0)(1 + bPQ

2 + ...+O(Q4)) ���XXXVMD

Correct low energy implementation!
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Extending Padé Approximants: Chisholm Approximants

What about the double virtual FPγ∗γ∗(Q
2
1 ,Q

2
2 ) ?

Extend Padé approximants to bivariate case (Chisholm ’73)

C 0
1 (Q2

1 ,Q
2
2 ) =

FPγγ(0, 0)

1− bP(Q2
1 + Q2

2 ) + (2b2
P − a1,1)(Q2

1Q
2
2 )

—Properties

Parameter a1,1 from data ⇒ Low-energies ... But not available!
Take generous range a1,1 ∈ {0÷ 2b2

P} (includes OPE, fact)
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Extending Padé Approximants: Chisholm Approximants

What about the double virtual FPγ∗γ∗(Q
2
1 ,Q

2
2 ) ?
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(g − 2)µ: hadronic light-by-light

(p4, 1) (p6, Nc) (p8, Nc) (p8, Nc)

π+, K+
π0, η, η′ other

Qres.
= + ... + + ...+ ... + + ... +

Knecht & Nyffeler: π0, η, η′-exchange

• Loop integral involving FPγ∗γ∗(Q
2
1 ,Q

2
2 )

• SL low energy regime → our PAs are good

• Multiscale: low-high energies
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(g − 2)µ: hadronic light-by-light

Our Results from Bivariate Padé Approximants

Units of 10−10 π0 η η′ Total
a1,1 = 2b2

P [OPE ] 6.64(33) 1.69(6) 1.61(21) 9.94(40)stat(50)sys
a1,1 = b2

P [Fact] 5.53(27) 1.30(5) 1.21(12) 8.04(30)stat(40)sys
a1,1 = 0 5.10(23) 1.16(7) 1.07(15) 7.33(28)stat(37)sys

aHLbL;P
µ = (9.94(40)(50)÷ 7.33(28)(37))× 10−10 (1.6σFLab)

Big uncertainty from double-virtual term often non-considererd
High-energies vs. Low-energies

To be compared with pseudoscalar-pole contributions in the literature
BPP: 8.5(1.3); HKS: 8.6(0.6); KN: 8.3(1.2)
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P → `` decays: Introduction

At LO in αEM , this process occurs via 2γ intermediate state.

P

ℓ

ℓ

q

k

p− k

FPγγ(k
2, (q − k)2)

q − k

BR(P → e+e−)

BR(P → γγ)
= 2

(
αm`

πmP

)2

β`(m
2
P)|A(m2

P)|2,

Again peaked at low (mainly) SL energies!

P. Masjuan, P. Sanchez, arXiv:1504:07001
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Connection to P → ``

Case I: π0 → e+e−

There has ben a lot of activity since the latest experimental result

BRKTeV (π0 → e+e−) = 7.48(38)× 10−8

BRTh.(π → e+e−) = 6.23(09)× 10−8

Which represents a 3σ deviation

Still, no model can reproduce such value
FPγ∗γ∗(Q

2
1 ,Q

2
2 ) enters in HLbL ⇒ impact?

What have to say our approximants?

— Use the simplest approximant —

C̃ 0
1 (Q2

1 ,Q
2
2 ) =

1

1 + bP(Q2
1 + Q2

2 ) + (2b2
P − a1,1)Q2

1Q
2
2

P. Masjuan, P. Sanchez, arXiv:1504:07001
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Case I: π0 → e+e−

Taking into account last radiative corrections results —Husek et al . ’14
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BRTh.(π0 → e+e−) = 6.23(09)× 10−8

Which represents a 1.7σ deviation

Still, no model can reproduce such value
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Case I: π0 → e+e−

Our Result
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Accepted value: 6.23(9)× 10−8(Dorokhov et.al. ’07) ⇒ UNDERESTIMATED

Hypothetic Double-Virtual Data below 1GeV 30% Error
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Pseudoscalar-exchange contribution to (g − 2)µ from rational approximants — and connection to P → `` decays —

Connection to P → ``

Case II: η(η′)→ `` (Work in Progress)

Integral is sensitive to time-like up to m2
P

η
π+π−

η′
V

For the η negligible: take C 0
1 and include a syst. (1%) error

For the η′ combine C 0
1 and resonance description

P. Masjuan, P. Sanchez, In preparation
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Case II: η(η′)→ `` (Work in Progress)

Unitary Bound, |A|2 ≥ Im(A)2
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Connection to P → ``

Case II: η → ``

Our C 0
1 Result [exact] - (Preliminary Results)

η → e+e− = (5.31÷ 5.44)(+4
−5)10−9

η → µ+µ− = (4.52÷ 4.72)(+4
−8)10−6

Accepted values [approximated]: Dorokhov ’10

η → e+e− = 4.53(9)× 10−9

η → µ+µ− = 5.35(27)× 10−6

Compare to Experiment

η → e+e− ≤ 2.3× 10−6
HADES ’14

η → µ+µ− = 5.8(8)× 10−6
SATURNE-II ’94
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Pseudoscalar-exchange contribution to (g − 2)µ from rational approximants — and connection to P → `` decays —

Connection to P → ``

Conclusions & Outlook

• Rational Approximants have been used to describe the TFF

• Is data driven: better data, better description and easy to apply

• Precise low-energies but QCD constraints as well

• We calculated (g − 2)HLbL;P
µ and P → `` with systematics

• π → e+e−, η → µ+µ− discrepancy ⇒ (g − 2)HLbL;P
µ , New Phys.?

• γ∗γ∗ → P (allows C 0
1 → C 1

2 ) and P → `` required

• Future: pQCD matching, including cuts and resonance appropriately
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sum	
  rules	
  for	
  LbL	
  sca8ering	
  (III)

imaginary	
  part	
  of	
  the	
  amplitude	
  -­‐	
  
photon-­‐photon	
  fusion	
  into	
  leptons	
  

and	
  hadrons:

real	
  part	
  of	
  the	
  amplitude	
  -­‐	
  	
  
low-­‐energy	
  structure	
  of	
  the	
  elas2c	
  

LbL	
  scaFering:

dispersion	
  
theory

Sum	
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sum	
  rules	
  for	
  LbL	
  sca8ering	
  (IV)

3	
  superconvergent	
  rela2ons:

SRs involving LbL 
low-energy constants:
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  difference	
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sum	
  rules	
  involving	
  
longitudinal	
  photons

c1 ± c2 =
1
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s0

ds

s2
⇥
�k(s)± �?(s)

⇤

Pascalutsa, Pauk, Vdh (2012)  

for	
  Q2	
  =	
  0:	
  GDH	
  sum	
  rule
Gerasimov, Moulin 

(1975),  
Brodsky,Schmidt 
(1995)  

+	
  6	
  new	
  LECs	
  at	
  next	
  order

sum	
  rules	
  have	
  been	
  tested	
  in	
  perturba2ve	
  QFT	
  both	
  at	
  tree-­‐level	
  and	
  1-­‐loop	
  level



single	
  meson	
  producAon	
  in	
  𝛾𝛾 collisions	
  (I)	
  

-­‐	
  two-­‐photon	
  state:	
  produced	
  meson	
  has	
  	
  	
  C=+1

-­‐	
  both	
  photons	
  are	
  real:	
  J=1	
  final	
  state	
  is	
  forbidden	
  

(Landau-­‐Yang	
  theorem);

the	
  main	
  contribu2on	
  comes	
  from	
  

J=0:	
  0-­‐+	
  (pseudoscalar)	
  and	
  0++	
  (scalar)

and	
  J=2:	
  2++	
  	
  (tensor)

���(P) =
��2

4
m3 |FM����(0,0)|2 two-­‐photons	
  decay	
  rate	
  for	
  the	
  meson

���!M� (s) ⇡ (2J+ 1)16�2
���
mM

�(s�m2
M) meson	
  contribu2on	
  to	
  the	
  cross-­‐sec2on	
  in	
  the	
  

narrow-­‐resonance	
  approxima2on

- the	
  SRs	
  hold	
  separately	
  for	
  channels	
  of	
  given	
  intrinsic	
  quantum	
  numbers:	
  isoscalar	
  

and	
  isovector	
  mesons,	
  cc̅	
  states

- input	
  for	
  the	
  absorp2ve	
  part	
  of	
  the	
  SRs:	
  γγ-­‐hadrons	
  response	
  func2ons,	
  can	
  be	
  expressed	
  in	
  
terms	
  of	
  γγ→M	
  transi2on	
  form	
  factors



dominant	
  contribu2on	
  to	
  c2	
  comes	
  from	
  π0

the I=1 channel
R ds

s (�2 � �0) c1 c2
[nb] [10�4 GeV�4] [10�4 GeV�4]

�0 �195± 13 0 10.94± 0.70
�0(980) �20± 8 0.021± 0.007 0
�2(1320) 134± 8 0.039± 0.002 0.039± 0.002
�2(1700) 18± 3 0.003± 0.001 0.003± 0.001

Sum �63± 17 0.06± 0.01 10.98± 0.70

R ds
s (�2 � �0) c1 c2

[nb] [10�4GeV�4] [10�4GeV�4]

� �191± 10 0 0.65± 0.03
�0 �300± 10 0 0.33± 0.01

ƒ0(980) �19± 5 0.020± 0.005 0
ƒ 00(1370) �91± 36 0.049± 0.019 0
ƒ2(1270) 449± 52 0.141± 0.016 0.141± 0.016
ƒ 02(1525) 7± 1 0.002± 0.000 0.002± 0.000
ƒ2(1565) 56± 11 0.012± 0.002 0.012± 0.002

Sum �89± 66 0.22± 0.03 1.14± 0.04

the I=0 channel

dominant	
  contribu2on	
  to	
  c2	
  comes	
  from	
  η,	
  η’	
  and	
  	
  f2(1270)

single	
  meson	
  producAon	
  in	
  𝛾𝛾 collisions	
  (II)

Pascalutsa, Pauk, Vdh (2012)  

dominant	
  contribu2on	
  to	
  c1	
  comes	
  from	
  f2(1270)



single	
  meson	
  producAon	
  in	
  𝛾𝛾 collisions	
  (III)

sum	
  rules	
  allow	
  to	
  constrain	
  so	
  
far	
  unmeasured	
  contribu2ons,	
  
e.g.	
  𝛾*	
  𝛾*	
  →	
  tensor	
  mesons	
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using	
  data	
  for	
  η,	
  η’	
  FF
using	
  data	
  for	
  f1(1285),	
  f1(1420)	
  FF

mM ���
R ds

s2 �k(s)
R
ds
ï
1
s

��TL
Q1Q2

ò

Q2
� =0

R
ds
ï

1
s2 �k +

1
s

��TL
Q1Q2

ò

Q2
� =0

[MeV] [keV] [nb / GeV2] [nb / GeV2] [nb / GeV2]
ƒ1(1285) 1281.8± 0.6 3.5± 0.8 0 �93± 21 �93± 21
ƒ1(1420) 1426.4± 0.9 3.2± 0.9 0 �50± 14 �50± 14
ƒ0(980) 980± 10 0.29± 0.07 20± 5 0 20± 5
ƒ 00(1370) 1200� 1500 3.8± 1.5 48± 19 0 48± 19
ƒ2(1270) 1275.1± 1.2 3.03± 0.35 138± 16 ¶ 0 138± 16
ƒ 02(1525) 1525± 5 0.081± 0.009 1.5± 0.2 ¶ 0 1.5± 0.2
ƒ2(1565) 1562± 13 0.70± 0.14 12± 2 ¶ 0 12± 2

Sum 76± 36

-­‐	
  one	
  photon	
  is	
  virtual	
  Q12,	
  second	
  is	
  quasi-­‐real	
  Q22≃0:

-­‐	
  axial-­‐vector	
  mesons	
  1++	
  are	
  allowed	
  

-­‐	
  f1(1285),	
  f1(1420)	
  transi2on	
  FFs	
  constrained	
  from	
  LEP	
  (L3)	
  data	
  

f2(1270)



sum	
  rules	
  for	
  charmonium	
  states	
  (I)

Estia Eichten                                                   NPCFiQCD@Temple                                         March 27, 2012

Updated Charmonium Spectrum

• 13D2 observed - Only 2 narrow states remaining unobserved: 11D2 and 13D3

• New transitions: 23D1  -> π+π- 11P1; 13D2 -> Ɣ�13P1;  23S1 -> Ɣ�21S0

10

,2

M
as

s 
(G

eV
/c

2 )

4.0

3.5

3.0

Charmonium
family

2 M(D)

ηc(3S)

ηc(2S)

ηc(1S) γM1M1

DD

DD

π+π−J/ψ
ψ(4S) or hybrid
ψ(2D) 

ψ(3S) 

ψ(13D1) 
ψ(2S) DD

DD*

ππππ, 
η, 
π0 

γM1M1
γE1E1

π0

γE1E1

γE1E1hc(1P)

J/J/ψ

χc0(1P)
χc1(1P)

χc2(1P)

χc1(2P) χc2(2P)
X(3872)?

(ρ,ω,γ)J/ψ
ωJ/ψ γγγγ

DD,

2--

2

ѱ2(1D)ππ

ΥE1
ΥM1

2-+

2
3--

2

11D2
13D3

!Ulrich Wiedner

narrow	
  states:	
  
well	
  

understood	
  	
  	
  	
  	
  	
  	
  
c	
  c



sum	
  rules	
  for	
  charmonium	
  states	
  (II)

sum	
  rules	
  evaluated	
  for	
  
cc	
  states	
  	
  

0-­‐+	
    
0++	
    
2++	
  	
  	
  

0 =

1Z

s0

ds
[�2 � �0](s)

s-­‐ 

duality	
  es2mate	
  for	
  con2nuum	
  
contribu2on,	
  above	
  DD	
  threshold-­‐

interplay	
  between	
  hidden	
  charm	
  mesons	
  (cc	
  states)	
  and	
  
produc2on	
  of	
  charmed	
  mesons	
  	
  

1Z

sD

ds
1

s
[�2 � �0] (�� ! X) ⇡

1Z

sD

ds
1

s
[�2 � �0] (�� ! cc̄)

-­‐

Pauk, Pascalutsa, Vdh (2012)

mM ���

R
ds
s (�2 � �0)

[MeV] [keV] [nb]

⌘c(1S) 2983.6± 1.2 5.06± 0.53 �11.9± 1.2
�c0(1P ) 3414.75± 0.31 2.34± 0.27 �3.6± 0.4
�c2(1P ) 3556.20± 0.09 0.53± 0.06 3.6± 0.4

Sum cc̄ bound states �11.9± 1.3

duality estimate

continuum (

p
s � 2mD) 14.9± 1.0

cc̄ bound states + continuum 3.0± 2.3



sum	
  rules	
  for	
  charmonium	
  states	
  (III)

one	
  photon	
  virtual,	
  
one	
  quasi-­‐real	
  	
  
also	
  axial	
  vector	
  
states	
  contribute

satura2ng	
  sum	
  rule	
  by	
  χc1	
  (1P)	
  
allows	
  a	
  predicAon:	
  

0 =

1Z

s0

ds


�k

s2
+

1

s

⌧aTL

Q1Q2

�

Q2
1=Q2

2=0

mM ���

R
ds

h
1
s2�k +

1
s

⌧a
TL

Q1Q2

i

Q2
i=0

[MeV] [keV] [nb / GeV

2
]

�c0(1P ) 3414.75± 0.31 2.34± 0.27 0.31± 0.04
�c2(1P ) 3556.20± 0.09 0.53± 0.06 & 0.14± 0.02

�c1(1P ) 3510.66± 0.07 - (�145± 7) ·
⇣
˜

���/�
⌘

duality estimate

continuum (

p
s � 2mD) �0.067± 0.005

�̃��(A) ⌘ lim
Q2

1!0

m2
A

Q2
1

1

2
� (A ! �⇤

L�T )

�̃�� (�c1) = (2.2± 0.4) keV �̃�� (f1(1285)) = (3.5± 0.8) keV

L3	
  Coll.	
  

compare	
  
with



Summary	
  and	
  outlook	
  

new	
  theoreAcal	
  tools	
  for	
  𝛾*	
  𝛾*	
  →	
  X	
  	
  	
  	
  

-­‐	
  sum	
  rules,	
  dispersive	
  frameworks	
  for	
  transi2on	
  FFs:	
  
allow	
  to	
  include	
  experimental	
  constraints	
  	
  	
  	
  

-­‐	
  new	
  evalua2on	
  of	
  heavier	
  meson	
  contribuAons:	
  	
  aμ	
  	
  =	
  (6.6～4.4)	
  ±	
  2.9	
  x	
  10-­‐11

new	
  dispersion	
  relaAon	
  frameworks	
  for	
  aμ	
  :	
  
-­‐>	
  require	
  close	
  collabora2on	
  with	
  experiment	
  (spacelike,	
  2melike,	
  meson	
  decays)	
  	
  	
  

goal:	
  realisAc	
  error	
  esAmate	
  on	
  aμ	
  /	
  reduce	
  to	
  	
  2	
  x	
  10-­‐10	
  	
  	
  (20	
  %	
  of	
  HLbL)	
  	
  

Outcome	
  of	
  Mainz	
  workshop:	
  
draP	
  of	
  roadmap	
  for	
  a	
  data	
  driven	
  approach	
  in	
  HLbL	
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Appendix

Padé Approximants: Convergence properties

Convergence known for meromorphic (large-Nc) and Stieltjes (DR)
for the last limN→∞ PN

N+1(x) ≤ f (x) ≤ PN
N (x)

— FPγ∗γ(Q
2) =

FPγγ (0)

Q2
a

ψ(1)
(

M2

a

) (
ψ(0)(M

2+Q2

a
)− ψ(0)(M

2

a
)
)

—
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Padé Approximants: Convergence properties

II. Stieljes functions: (1/x)ln(1 + x)

Re( 1
x Log(1 + x)) Re(P20

21 (x))

−Im( 1
x Log(1 + x)) −Im(P20

21 (x))
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Padé Approximants: Convergence properties

II. Stieljes functions: (1/x)ln(1 + x)

Re( 1
x Log(1 + x)) Re(P20

21 (x))

−Im( 1
x Log(1 + x)) −Im(P20

21 (x))
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Our proposal: Bivariate Padé Approximants

Lets revisit the Regge Model

FPγ∗γ∗(Q2
1 ,Q

2
2 ) =

FPγγ(0,0)

Q2
1−Q2

2

a

ψ(1)
(

M2

a

) (ψ(0)(
M2+Q2

1

a )− ψ(0)(
M2+Q2

2

a )
)
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Our proposal: Bivariate Padé Approximants

A bigger challenge: cuts FPγ∗γ∗(Q2
1 ,Q
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2 ) = FPγγ(0, 0) M2
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Dalitz decays: η → γ``

NEW DETERMINATION OF THE η TRANSITION FORM . . . PHYSICAL REVIEW C 89, 044608 (2014)

TABLE I. Results of this experiment for the η TFF, |Fη|2, as a function of the invariant mass m(e+e−).

m(e+e−) (MeV/c2) 45 ± 5 55 ± 5 65 ± 5 75 ± 5 85 ± 5 95 ± 5
|Fη|2 0.999 ± 0.031 0.988 ± 0.029 1.005 ± 0.030 0.999 ± 0.031 1.051 ± 0.034 1.014 ± 0.036
m(e+e−) (MeV/c2) 110 ± 10 130 ± 10 150 ± 10 170 ± 10 190 ± 10 210 ± 10
|Fη|2 1.014 ± 0.028 1.019 ± 0.037 1.071 ± 0.041 1.153 ± 0.044 1.083 ± 0.046 1.161 ± 0.056
m(e+e−) (MeV/c2) 230 ± 10 250 ± 10 270 ± 10 290 ± 10 310 ± 10 330 ± 10
|Fη|2 1.312 ± 0.068 1.214 ± 0.076 1.342 ± 0.094 1.393 ± 0.113 1.487 ± 0.144 1.406 ± 0.170
m(e+e−) (MeV/c2) 350 ± 10 370 ± 10 390 ± 10 410 ± 10 430 ± 10 450 ± 10
|Fη|2 1.851 ± 0.235 2.086 ± 0.306 1.918 ± 0.433 2.05 ± 0.61 2.56 ± 0.87 2.83 ± 1.58

measurement is

"−2 = (1.95 ± 0.15stat ± 0.10syst) GeV−2, (3)

which is in very good agreement within the errors with all
recent results reported in Refs. [7–9]. As seen in Fig. 10, the
|Fη(mll)|2 results of this work are in similar good agreement
within the error bars with the data points from Refs. [7,8].

The uncertainty reached for the "−2 value in the present
work is smaller than those of all previous measurements based
on the η → e+e−γ decay, is of a similar magnitude as the
NA60 value from peripheral In–In data [8], and still yields to
the latest, preliminary result of the NA60 from p-A collisions
[9].

In Fig. 10, the results of this work for |Fη(mll)|2 are also
compared to three different theoretical predictions. Because
all models assume that |Fη(mll = 0)|2 = 1, for a better
comparison, the fit to the data points from Fig. 9(b) is rescaled
by setting its normalization parameter to p0 = 1 and leaving
its second parameter p1, reflecting the slope parameter "−2,
unchanged. The calculation by Terschlüsen and Leupold (TL)
combines the vector-meson Lagrangian proposed in Ref. [26]
and recently extended in Ref. [27], with the Wess-Zumino-
Witten contact interaction [23] (see also Ref. [28] for the
corresponding case of the π0 TFF). Their calculation agrees
very well with the standard VMD form factor. As seen, the TL
calculation [shown in Fig. 10(a) by a dash-dotted line] goes
slightly lower than the pole-approximation [Eq. (2)] fit to the

present data, whereas it fully describes the data points within
the error bars.

The second calculation is based on a model-independent
method using Padé approximants that was developed for
the π0 TFF in Ref. [29]. Using spacelike data (CELLO
[30], CLEO [31], BABAR [32]), this method provides a
parametrization that is also suited to describe data in the
mll range from zero to

√
0.4 GeV/c2, and thus provides a

model-independent prediction for the timelike TFF [24]. Over
the full mll range, this calculation [shown in Fig. 10(a) by a
red dashed line with an error band] practically overlaps with
the pole-approximation fit to the present data points.

In another recent calculation [25] by the Jülich group,
the connection between the radiative decay η → π+π−γ and
the isovector contributions of the η → γ γ ∗ TFF is exploited
in a model-independent way, using dispersion theory (DT).
This calculation [shown in Fig. 10(b) by a dotted line with
an error band] goes slightly above the fit to the present
data.

Currently, the VMD models that are used to calculate
the contribution of the hadronic light-by-light scattering
to (g − 2)µ include only ρ, ω, and φ resonances. These
contributions are calculated with " = (774 ± 29) MeV close
to the ρ-meson mass. This value of " was determined from a
fit to spacelike data measured by the CLEO collaboration [31]
down to the momentum transfer q2 = −1.5 GeV2, which is far
away from q2 = 0 GeV2. The " value from CLEO disagrees
with the VMD value, " = 745 MeV. It also disagrees with

]2)  [GeV/c-l+m(l
0 0.1 0.2 0.3 0.4 0.5

2 | η
|F

1

(a)
This Work: Data
This Work: Fit (p0=1)

A2, 2011

TL calculation

 approxim.ePad

]2)  [GeV/c-l+m(l
0 0.1 0.2 0.3 0.4 0.5

2 | η
|F

1

(b)
This Work: Data

This Work: Fit (p0=1)

NA60, In-In

DT calculation

FIG. 10. (Color online) Results of this work (solid squares) for the η TFF, |Fη(mll)|2, compared to other recent measurements and theoretical
predictions: former data of the A2 Collaboration [7] [open circles in (a)] and the NA60 in peripheral In-In data [8] [open squares in (b)],
calculations of Ref. [23] [dash-dotted line in (a)], Ref. [24] [red dashed line with an error band in (a)], and Ref. [25] [dotted line with an error
band in (b)]. The solid line is the fit from Fig. 9(b) rescaled so that p0 = 1.

044608-9

Compare to A2 Coll. results in Mainz [Phys.Rev. C89 (2014) 044608]
The results are excellent → reasonable to use them in our fit

R. Escribano, P. Masjuan, P. Sanchez, In preparation
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R. Escribano, P. Masjuan, P. Sanchez, In preparation
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Toy Model for P → ``: Unitarity Analtiticity & Cuts

FPγ∗γ∗(q21 , q
2
2) = FPγγ∗(q21)× FPγγ∗(q22)

FPγγ∗(q2) = cPρGρ(q2) + cPωGω(q2)cPφGφ(q2)

Based on Dumm, Pich, Portoles PRD62 and Dumm, Roig, EPJC73

Gρ(s) =
M2

V

M2
ρ − s +

sM2
ρ

96π2F 2
π

(
ln
(

m2
P

µ2

)
+

8m2
P

s −
5
3 − σ(s)3ln

(
σ(s)−1
σ(s)+1

))
For narrow resonances

Gω,φ =
Mω,φ + Mω,φΓω,φ

√
sth/Mω,φ

Mω,φ − s + Mω,φΓω,φ
√

(sth − s)/Mω,φ
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Toy Model for P → ``: Unitarity Analtiticity & Cuts

Integration is easy through Cauchy’s integral Formula

G (q2) =
1

π

∫ ∞
sth

dM2 Im
[
G (M2)

]
M2 − q2 − iε

Then our loop integral can be solved through standard procedures

A =
1

π2

∫ ∞
sth

∫ ∞
sth

dM2
1dM

2
2 Im

[
G (M2

1 )
]
Im
[
G (M2

2 )
]
×

×
∫
Loop

d4k[...]
1

k2 −M2
1 + iε

1

(q − k)2 −M2
2 + iε
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