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Motivation

• Hadron spectral functions 
   —Carry all information about the in-medium properties of quarkonia 

LO: 2𝜋TD～37.5 
NLO: 2𝜋TD～7.2

𝛼s=0.2

Heavy quark diffusion coefficient:
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1 Part. I

The spatial components of the vector spectral function(SPF) are related to the heavy quark
di↵usion constant D
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where ⇢(!) is what we use as mock SPF then
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If we assume the transport peak can be described by a Breit-Wigner distribution
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one obtains the mass M of the heavy quark in the mock SPF in lattice unit
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Accordingly each spatial comoponent of the spectra can be expressed as
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Put Eq.4 into Eq.3 then we obtain the 2⇡TD under Breit-Wigner assumption
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Moore & Teaney, PRC71,064904 

Caron-Huot & Moore, PRL100,052301
PHENIX, PRL98(2007)172301
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• Dissociation temperatures 
• Thermal modifications when moving

3

of 368 µb�1, and the corresponding dataset is used to derive the centrality-integrated (0–100%)
double ratios and those in the 0–30% centrality range. For the second setup, the lower rate
allowed the sampling of the full integrated luminosity of 464 µb�1. This sample is used to an-
alyze the centrality dependence of the double ratio in the 30–100% range. We also studied a
possible contamination from photo-production processes in the peripheral region and found it
to be negligible.

Single muons are selected in the kinematic region pµ
T > 4 GeV/c, |hµ| < 2.4, and required to

survive standard quality selection criteria [27]. The reconstruction algorithm was adapted to
account for the high track multiplicity in a PbPb event, using a combination of regional and
iterative tracking algorithms [33]. The muon momentum is derived from the fit obtained with
a Kalman filter algorithm [27] applied to the tracker hits and provides an U mass resolution
of around 1% in both pp and PbPb. When forming a muon pair, the two reconstructed muon
candidates are required to match the dimuon trigger and to originate from a common vertex
with a c2 probability larger than 1%. The U transverse momentum and rapidity ranges studied
in this analysis are pT < 30 GeV/c and |y| < 2.4. The U ratios are not affected by the small
number of additional collision vertices (pileup) present in the pp and PbPb samples.

Figure 1 shows the invariant mass distributions of opposite-charge muon pairs for centrality-
integrated PbPb collisions. The double ratios are computed from the signal yields obtained
independently from unbinned maximum likelihood fits to the pp and PbPb spectra. The anal-
ysis of the U(2S) double ratio is performed in three pT bins, two |y| bins, and nine centrality
bins, while the U(3S) double ratio is studied in four centrality bins. As a cross-check, simulta-
neous fits of the two dimuon invariant mass distributions, where the double ratios are directly
extracted, were also performed. The two procedures give consistent results.
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Figure 1: Measured dimuon invariant mass distribution in PbPb data. The total fit (solid blue
line) and the background component (dot-dashed blue line) are also shown, as are the individ-
ual U(1S), U(2S), and U(3S) signal shapes (dotted gray lines). The dashed red line represents
the pp signal shape added to the PbPb background and normalized to the U(1S) mass peak in
PbPb.

The shape of each U state is modeled with the sum of two Crystal Ball functions [34], with
parameters fixed from MC simulation studies. The mass parameter of the U(1S) resonance is
left free to account for possible shifts in the momentum scale of the reconstructed tracks, and
is found to be consistent between pp and PbPb data. The masses of the excited states are fixed

CMS, PRL120(2018) 142301
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Spectral functions from LQCD

M. Asakawa, et al., PPNP. 46(2001) 445-508

✴ New Bayesian Method 

✴ Backus-Gilbert Method 

✴ Stochastic Approaches 

✴ Maximum Entropy Method

H.-T. Ding, et al., PRD97, 094503

B. B. Brandt, et al., PRD93, 054510(2016)

Y. Burnier and A. Rothkopf, PRL 111,18,182003

Temporal correlation function relates to spectral function:
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A method based on Bayesian theorem to obtain the most probable solution

P [⇢|G,D,↵] =
P [G|⇢, D,↵] P [⇢|D,↵]

P [G|D,↵]

• Maximize the probability of having 𝜌 given 𝐺&𝐷:

P [G|⇢, D,↵] / exp(��2/2)

P [⇢|D,↵] / exp(↵S)

:  likelihood function

:  prior probability

• Ingredients:

⇢ : spectral function

G : correlation function

D : default model

↵ : regularization parameter

Shannon-Jaynes entropy:

• Check the dependence on N𝜏 & default model (DM)

Inversion Methods: Maximum  Entropy Method
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•High frequency of the SPF :

✴Free lattice SPF

•Low frequency of the SPF:
✴Non-interacting:

✴Interacting:
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H.-T. Ding, et al, arXiv:0910.3098

F. Karsch et al., PRD68, 014504; 
G. Aarts et al, NPB726, 93

P. Petreczky and D. Teaney, PRD73,014508

𝜔𝛿(𝜔) gives infinite quark diffusion coefficient

𝛿(𝜔) is smeared into Breit-Wigner form 
at 𝜔~0
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✴Free continuum SPF

Prior information in the default model
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✦ Large quenched QCD on isotropic lattices close to continuum 
✦ Relativistic treatment of heavy quarks (aMQ<<1) 
✦ MQ tuned to reproduce nearly physical 𝐽/𝜓 mass 

✦ Relative error: ~0.3%

Model data with only one transport peak

Hai-Tao Shu
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Email: shuhaitao@mails.ccnu.edu.cn

� a[fm] MV [GeV] N� N⌧ T/Tc #conf �G/G

7.793 0.009fm 3.38(J/ ) 192

96 0.75 224 0.32%
64 1.10 291 0.21%
56 1.20 290 0.23%
48 1.50 339 0.17%
32 2.25 235 0.39%

Table 1: Lattice spacing, quark mass, spatial extent, temperatures and statistics of configura-
tions performed in this lattice simulations.

� a[fm] MV [GeV] N� N⌧ T/Tc �G/G

7.793 0.009fm 3.38(J/ ) 192

96 0.75 0.32%
64 1.10 0.21%
56 1.20 0.23%
48 1.50 0.17%
32 2.25 0.39%

Table 2: Lattice spacing, quark mass, spatial extent, temperatures and statistics of configura-
tions performed in this lattice simulations.

1

Simulation details
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Vector, charmonia

• Symmetric around the middle point 
• Almost exponential decaying 
• Clear temperature dependence

Temporal correlation functions



DM dep: charmonia SPFs in VC channel at all T
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0.75Tc

M(𝐽/𝜓)=3.38GeV

1.10Tc

1.25Tc 1.50Tc

• First low-lying peaks are stable at 0.75,1.10&1.25Tc 

• A shift of the first peak location(~600MeV) is observed at 1.10 &1.25Tc 

• SPFs become flat at 1.50Tc
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• After getting rid of N𝜏 dependence the shift of first 
peak location becomes smaller at 1.10Tc &1.25Tc

N𝜏 dep: charmonia SPFs in the VC channel at T>Tc 
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Grec(⌧, T ;T
0) =

Z
d! ⇢(!, T 0)K(!, ⌧, T )

Reconstructed correlation functions:

T 0 = 0.75Tc

T = 1.10Tc T = 1.25Tc



Larger height

Sm
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• Output width is almost the same to the one in DM  
• Output 2𝜋TD varies as the width in DM changes

Charm transport peak at 1.10Tc

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

�
�
�
�
�
��
��

� ��� � ��� �

���

���� ��
������

 11



MEM can only determine the coefficient c or D𝜂  
→ The diffusion coefficient can be determined once 𝜂/T is fixed  

2𝜋TD = 0.789(11) T/𝜂 + 0.53(8) at 1.10Tc 
2𝜋TD = 0.898( 8 ) T/𝜂 + 0.43(2) at 1.25Tc 

2𝜋TD = 0.825( 9 ) T/𝜂 + 0.54(7) at 1.50Tc

Summary on recent work

Hai-Tao Shu
Key Laboratory of Quark & Lepton Physics (MOE) and Institute of Particle Physics,

Central China Normal University, Wuhan 430079, China.

Email: shuhaitao@mails.ccnu.edu.cn
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Figure 24: Diffusion coefficient.

Table 4: Fit results of diffusion coefficient with a linear
fit ansatz 2πDT = c0 + c1T/η.

T/Tc c0 c1
1.1 0.789(11) 0.53(8)
1.3 0898(8) 0.43(2)
1.5 0825(9) 0.54(7)

13

Breit-Wigner ansatz for the transport 
peak in DM leads to fixed 2𝜋TD・𝜂/T :

Charm quark diffusion coefficient at different T

 12
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• Spatial correlation function: sum over space (x,y,𝜏)
Summary on recent work

Hai-Tao Shu
Key Laboratory of Quark & Lepton Physics (MOE) and Institute of Particle Physics,

Central China Normal University, Wuhan 430079, China.

Email: shuhaitao@mails.ccnu.edu.cn
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at p=0,T=0: Escr=pole mass

• Relation to the spectral function
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• Non-interacting limit
Escr

2 = A(T ) !p2 +M 2 (T )

Absorb thermal effects into M(T) and A(T)    

• Long distance behavior: exponential decay in z

Efree = 2
q
(⇡T )2 +m2

q

Spatial correlation function & Screening mass
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• Mscr of S-wave states increases in T 
• Mscr of P-wave states decrease first in T and then increase

Screening masses of charmonia
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• Quenched and 2+1 HISQ : similar T-dependence  
• Different dip location for p-waves: 1.10Tc in quenched QCD, 

1.43Tc in dynamic QCD

Nf=2+1, HISQ : A. Bazavov, et al.,PRD91,054503

Screening mass—Quenched v.s. Dynamic QCD   
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• Dispersion relation for S-wave states remains unmodified for 
charmonia as A(T)~1

 16

See also:  A. Ikeda, et al., PRD95. 014504

• The reason could be that the largest momentum is still less 
than the masses of charmonia (~3.5GeV)
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✴ There exists a shift for the first resonance peak in vector 
charmonia SPF at 1.10Tc &1.25Tc  

✴ So far we observed a linear relation between 2𝜋TD and T/𝜂 

✴ The screening mass of S-wave states increases in T while for 
P-wave states they decrease first and then increase 

✴ Dispersion relation in our quenched simulations seems to be 
not modified in medium when p < Msrc

Summary

We have performed simulations on large quenched isotropic 
lattices to calculate the temporal & spatial correlation functions 
at both zero and nonzero p



Thanks for your 
attention!
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• Thermal modification includes two parts: transport peak & 
resonance part  

• Large thermal modifications are observed to the low-lying 
states in charmonia correlation functions
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𝐺/𝐺𝑟𝑒𝑐 cancels out the trivial temperature 
dependence of 𝐾(𝜔,𝜏,𝑇) : 

G(⌧, T )

Grec(⌧, T ;T 0)
=

R
d! ⇢(!, T )K(!, ⌧, T )R
d! ⇢(!, T 0)K(!, ⌧, T )

Gdi↵(⌧/a)

Gdi↵
rec (⌧/a)

=
G(⌧/a)�G(⌧/a+ 1)

Grec(⌧/a)�Grec(⌧/a+ 1)

𝐺𝑑𝑖𝑓𝑓 suppresses 𝜏 independent 
contributions, e.g. 𝜔𝛿(𝜔) term in SPF: 
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Back-up: Charmonia correlation functions in the VC channel
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G(nσ ) = A1 cosh Mscr1(nσ − Nσ / 2)( )+ A2 cosh Mscr2 (nσ − Nσ / 2)( )+ i i iSpatial correlators:

Two-state ansatz:
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Plateau in 𝜒2/d.o.f:
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Back-up: Fitting the correlation functions

Final screening mass.
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• δG/Ḡ ~2 times smaller for 
multi-source than single-
source.
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Vector, charmonia
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• Eigen values decrease 
monotonically with tau for all 
temperatures.

✴ No exceptional configurations. 
✴ Small enough error. 
✴ Good benefits from multi-source.

Back-up: Data quality examination

F. Meyer et al, PRD94,034504


