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Ââåäåíèå

Äëÿ ïðîâåðêè Ñòàíäàðòíîé ìîäåëè è ïîèñêîâ íîâîé ôèçèêè áîëüøîå çíà÷åíèå èìååò

ðàçâèòèå ìåòîäîâ, ïîçâîëÿþùèõ òî÷íî âû÷èñëÿòü íàáëþäàåìûå äëÿ äàëüíåéøåãî

ñðàâíåíèÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè.

Êëþ÷åâûì ýëåìåíòîì òàêîãî ðîäà âû÷èñëåíèé ÿâëÿåòñÿ Ëîðåíö�èíâàðèàíòíûé

èíòåãðàë ïî ôàçîâîìó ïðîñòðàíñòâó:

In =

∫ n∏
i=1

(
dD−1ki

(2π)D−12Ei

)
(2π)DδD(pa + pb − Pf )|Mfi |2,

Ìîæíî âûäåëèòü äâà áëîêà:
1 Îäíîïåòëåâûå äèàãðàììû

➤ Ìåòîä Ïàññàðèíî�Âåëüòìàíà

➤ Ìåòîä ðàçëîæåíèÿ ïî îðòîãîíàëüíîìó áàçèñó

2 Óãëîâûå èíòåãðàëû

➤ Êëàññèôèêàöèÿ ìàñòåð�èíòåãðàëîâ

➤ Àíàëèòè÷åñêîå âû÷èñëåíèå ìàñòåð�èíòåãðàëîâ
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×àñòü I

Îäíîïåòëåâûå äèàãðàììû
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Îäíîïåòëåâîé èíòåãðàë â îáùåì ñëó÷àå

Iα1...αm
i1...in

[f (k)] =
(
iπ2
)−1

µ4−D

∫
dDk

f (k)(
k2 −m2

0

)(
s21 −m2

1

)
. . .
(
s2n−1 −m2

n−1

) =

=
(
iπ2
)−1

µ4−D

∫
dDk

kα1 . . . kαm

∆i1 . . .∆in

.

(1)
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Ìåòîä Ïàññàðèíî�Âåëüòìàíà

Îáùàÿ ôîðìóëà:

Iα1...αm
i1...in

=
1

m!

n−1∑
β1,...,βm=1

{pβ1 . . . pβm}α1...αnT n
β1...βm

+

+
1

(m − 2)!

n−1∑
β3,...,βm=1

{gpβ3 . . . pβm}α1...αmT n
00β3...βm

+

+
1

(m − 4)!

n−1∑
β5,...,βm=1

{ggpβ5 . . . pβm}α1...αmT n
0000β5...βm

+ . . .+

+


n−1∑
βm=1

{g . . . gpβm}α1...αmT n
0. . . 0︸︷︷︸
m−1

βm
, äëÿ íå÷åòíûõ m,

{g . . . g}α1...αmT n
0. . . 0︸︷︷︸

m

, äëÿ ÷åòíûõ m,

(2)
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Ìåòîä Ïàññàðèíî�Âåëüòìàíà

Îáùàÿ ôîðìóëà:

Iα1...αm
i1...in

=
1

m!

n−1∑
β1,...,βm=1

{pβ1 . . . pβm}α1...αnT n
β1...βm

+

+
1

(m − 2)!

n−1∑
β3,...,βm=1

{gpβ3 . . . pβm}α1...αmT n
00β3...βm

+

+
1

(m − 4)!

n−1∑
β5,...,βm=1

{ggpβ5 . . . pβm}α1...αmT n
0000β5...βm

+ . . .+

+


n−1∑
βm=1

{g . . . gpβm}α1...αmT n
0. . . 0︸︷︷︸
m−1

βm , äëÿ íå÷åòíûõ m,

{g . . . g}α1...αmT n
0. . . 0︸︷︷︸

m

, äëÿ ÷åòíûõ m,

(2)
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Ìåòîä ðàçëîæåíèÿ ïî îðòîãîíàëüíîìó áàçèñó

Ìîæåì îñóùåñòâèòü ðàçëîæåíèå ïî ñïåöèàëüíûì ëèíåéíûì êîìáèíàöèÿì âíåøíèõ

èìïóëüñîâ:

Pµ
1 = (p1 + p2)

µ,

Pµ
2 = (p1 − p2)

µ,

Pµ
3 = kµ1 − Pµ

1

P1 · k1
P2
1

− Pµ
2

P2 · k1
P2
2

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Pµ
n−1 = kµ1 − Pµ

1

P1 · kn−1

P2
1

− Pµ
2

P2 · kn−1

P2
2

− . . .− Pµ
n

Pn · kn−1

P2
n

.

(3)

Êðîìå òîãî îïðåäåëèì ïîïåðå÷íûé ìåòðè÷åñêèé òåíçîð:

gµν
⊥;n = gµν −

n+1∑
i=1

Pµ
i P

ν
i

P2
i

, (4)
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Ìåòîä ðàçëîæåíèÿ ïî îðòîãîíàëüíîìó áàçèñó

Áàçèñíûå âåêòîðû è ïîïåðå÷íûé ìåòðè÷åñêèé òåíçîð óäîâëåòâîðÿþò óñëîâèÿì:

Pi · Pj = 0, i , j = 1, n − 1,

gµν
⊥;nPi ;µ = 0, i = 1, n − 1,

gµν
⊥;ng⊥;n;µν = D + n − 1,

(5)

Ñêàëÿðíûå ôóíêöèè ôèêñèðóþòñÿ ñëåäóþùèì îáðàçîì:

T n
1...m =

P1;α1 . . .Pm;αm

P2
1 . . .P

2
m

Iα1...αm
i1...in

,

T n
003...m =

g⊥;α1α2P3;α3 . . .Pm;αm

(D + n − 1)P2
3 . . .P

2
m

Iα1...αm
i1...in

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(6)
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×àñòü II

Óãëîâûå èíòåãðàëû
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Èíòåãðàë ïî ôàçîâîìó ïðîñòðàíñòâó

Ëîðåíö�èíâàðèàíòíûé èíòåãðàë ïî ôàçîâîìó ïðîñòðàíñòâó ñ èñïîëüçîâàíèåì ðàçìåðíîé

ðåãóëÿðèçàöèè D = 4− 2ε:∫ n∏
i=1

(
dD−1ki

(2π)D−12Ei

)
(2π)DδD(pa + pb − Pf )|Mfi |2, (7)

Ìîæíî ñâåñòè ê âû÷èñëåíèþ:

I2,P =
Γ(1− ε)

(4π)2Γ(1− 2ε)

∫ π

0
dθ1 sin

1−2ε(θ1)

∫ π

0
dθ2 sin

−2ε(θ2) =

=
Γ(1− ε)

(4π)2Γ(1− 2ε)

∫
dΩk1k2 f (θ1, θ2).

(8)

Ïîëó÷åííûé èíòåãðàë äîïóñêàåò äàëüíåéøåå óïðîùåíèå, ïóòåì ðàçëîæåíèÿ

ïîäûíòåãðàëüíî âûðàæåíèÿ íà ïðîñòåéøèå è, êàê ñëåäñòâèå, ñâîäèòñÿ ê âû÷èñëåíèþ òàê

íàçûâàåìûõ ìàñòåð�èíòåãðàëîâ.
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Èíòåãðàë áåç ïðîïàãàòîðà

Îïðåäåëåíèå:

I (0)(ε) :=

∫
dΩk1k2 . (9)

Îñóùåñòâëÿÿ çàìåíó:

ti =
1− cos(θi )

2
. (10)

Àíàëèòè÷åñêîå âûðàæåíèå:

I (0)(ε) = 2π
Γ(1− 2ε)

Γ(2− 2ε)
=

2π

1− 2ε
. (11)

Êàê ìû óâèäèì â äàëüíåéøåì, äàííûé ìíîæèòåëü ïîÿâëÿåòñÿ ïðè âû÷èñëåíèè âñåõ

îñòàâøèõñÿ ìàñòåð�èíòåãðàëîâ.
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Èíòåãðàë ñ îäíèì ïðîïàãàòîðîì

Îïðåäåëåíèå:

Ij(ε) :=

∫
dΩk1k2

1

(v1 · k)j
. (12)

Âûáåðåì ñèñòåìó êîîðäèíàò òàê, ÷òîáû:

k = (1, . . . , cos(θ2) sin(θ1), cos(θ1)), (13)

vi = (1, . . . , 0, β), (14)

Òàê ñêàëÿðíîå ïðîèçâåäåíèå ïðèîáðåòàåò íàèáîëåå ïðîñòîé âèä:

v1 · k = 1− β cos(θ1). (15)

Äàëåå èñïîëüçóåì çàìåíó

ti =
1− cos(θi )

2
. (16)
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Áåçìàññîâûé èíòåãðàë ñ îäíèì ïðîïàãàòîðîì

Îïðåäåëåíèå:

I
(0)
j (ε) :=

∫
dΩk1k2

1

(v1 · k)j
, v11 = 0. (17)

Àíàëèòè÷åñêîå âûðàæåíèå:

I
(0)
j (ε) = I (0)(ε)

(2− j − 2ε)j
2j(1− j − ε)j

. (18)

Ìàññèâíûé èíòåãðàë ñ îäíèì ïðîïàãàòîðîì

Îïðåäåëåíèå:

I
(1)
j (v11; ε) :=

∫
dΩk1k2

1

(v1 · k)j
, v11 ̸= 0. (19)

Àíàëèòè÷åñêîå âûðàæåíèå:

I
(1)
j (v11; ε) =

I (0)(ε)

(1− β)j
2F1

(
j , 1− ε, 2− 2ε,− 2β

1− β

)
. (20)
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Èíòåãðàë ñ äâóìÿ ïðîïàãàòîðàìè

Îïðåäåëåíèå:

Ij ,l(v12; ε) :=

∫
dΩk1k2

1

(v1 · k)j(v2 · k)l
. (21)

Èñïîëüçóÿ ïàðàìåòðèçàöèþ Ôåéíìàíà çàïèøåì

Ij ,l(v12; ε)=
Γ(j + l)

Γ(j)Γ(l)

∫ 1

0
dx1 x

j−1
1

∫ 1

0
dx2 x

l−1
2 δ(1− x1 − x2)

∫
dΩk1k2

1

((x1v1 + x2v2) · k)j+l
. (22)

Ââåäåì âåêòîð

v = (1, v) := x1v1 + x2v2. (23)

È ïîâåðíåì ñèñòåìó êîîðäèíàò òàê, ÷òîáû âåêòîð v áûë íàïðàâëåí âäîëü îñè xD ò.å.

v = (1, 0D−3, 0, β). (24)
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Áåçìàññîâûé èíòåãðàë ñ äâóìÿ ïðîïàãàòîðàìè

Îïðåäåëåíèå:

I
(0)
j ,l (v12; ε) :=

∫
dΩk1k2

1

(v1 · k)j(v2 · k)l
, v11 = v22 = 0. (25)

Àíàëèòè÷åñêîå âûðàæåíèå:

I
(0)
j ,l (v12; ε) = I

(0)
j+l(ε)

(1− j − l − ε)j
(1− j − ε)j

2F1
(
j , l , 1− ε, 1− v12

2

)
. (26)

Îäíîìàññîâûé èíòåãðàë ñ äâóìÿ ïðîïàãàòîðàìè

Îïðåäåëåíèå:

I
(1)
j ,l (v12, v11; ε) :=

∫
dΩk1k2

1

(v1 · k)j(v2 · k)l
, v11 ̸= 0; v22 = 0. (27)

Àíàëèòè÷åñêîå âûðàæåíèå:

I
(1)
j ,l (v12, v11; ε)=

I
(0)
l (ε)

v j12

(
v11
v212

)l−1+ε

F1

(
2− j − l − 2ε,1− l − ε,1− l − ε, 2− l − 2ε,

τ+
τ+ − 1

,
τ−

τ− − 1

)
.

(28)
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Ñïàñèáî çà âíèìàíèå!
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