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The foundation:

& Quantum field theory is formulated for all types of interactions
independently on renormalizability

& R-operation equally works for NR theories and leads to local counter
terms resulting in finite amplitudes

¢ Local Quantum Field Theory obeying the requirements of causality, unitarity
and analyticity has a remarkable property: after applying the R-operation all
UV divergent structures are local in coordinate space or are at most
polynomial in momentum space (Bogoliubov-Parasiuk theorem).

& This is true for any local QFT irrespectively of its renormalizability or non-
renormalizability

& All these statements lead to relations between the subsequent orders
of PT resulting in the RG equations which aimed on the summation of
infinite series of PT for the asymptotics of the Green functions,
amplitudes, potential, etc
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Renormalization

Bogoliubov-Parasiuk-Hepp-Zimmermann R-operation
& - graph
RG = H(l o MZ)G 2 - divergent subgraph
Vi
/ M, - subtraction operator
RG =(1- K)R'G @

K-operation extracts the
Incomplete R-operation singular part
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R-operation is equivalent to the introduction of the counterterms into the Lagrangian

1 = LA AL

Bogolyubov-Parasiuk Theorem: In any local quantum field theory after subtracting
the UV divergences in subgraphs the resulting counterterms are always local in
coordinate space or at most are polynomials of external momenta in momentum

space in each order of perturbation theory




BPHZ R-operation
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BPHZ R-operation

Bogoliubov-Parasiuk Theorem: (Locality)

R'G,, islocal,i.e.terms like log" 2/€™ should cancel for any k and m

* Due to locality all higher order divergences are related to the lower ones

(1)
ANDE N Ay One loop
n n )
B _— (_1)n EB(n) i e 2B(n) One and two loops
n n 2 n 1 )
@R ()t (—Cé ) o (n )C’é ) (n —2)(n )C]E )>. One, two and
n n 2n three loops
@ B (T (1) @ Sl @)
e k k k _ 4n n n
KR Gn o kz::l < en " en—1 o en—2 - Sk e en—1 en—2 T
(n)
P (—1)" 1AM = A One loop
n n n Y

% " T
Bé e —B§ )) | One and two loops

One, two and
three loops

D3
=1 =2 +n—1ﬁ

mn 3 mn
c§>+gcf >>.



dSh

X BLTP
The Recurrence Relations

& These properties allow one to write down the recurrence relations connecting the
subsequent orders of the counterterms and to evaluate them algebraically without
calculating the diagrams. This can be done in renormalizable and non-renormalizable
theories. The difference is a more complicated structure of these relations in NR case.

Leading divergences:
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& These recurrence relations can be promoted to the RG equations for the scattering
amplitudes, effective potential, etc which sum up the leading divergences (logarithms)
and to find out the high energy/field behaviour
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Examples:

- Maximally supersymmetric gauge theory in D=6,8,10 dimensions SYMD
- Scalar field theory in D=4,6,8,10 dimensions ¢%
+ Four-fermion interaction in D=4

« Supersymmetric Wess-Zumino model with quartic superpotential in
o 4
D=4 O 4



o Loop Expansion (non-renormalizab[§§§§{¢ase)
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Bork,Kazakov,Kompaneets, Tolkachev, Vlasenko, 15
Borlakov,,Kazakov,Tolkachev,Vlasenko, 16 S Y M D

S-channel S, (s,t) T-channel i) T, (s, 0 =TS {ms)

Exact all-loop recurrence relation S3 = —s/3, T3 = —t/3
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D=8 N=1
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Exact all-loop recurrence relation B = 1—12 T = 1—12
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Effective Potential in Scalar Theory

Veff Is the sum of all vacuum |PI diagrams
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From Recurrence Relation to the RG Equation BLTP
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* This is the general recurrence relation that reflects the locality of counterterms in any theory

* In renormalizable theories A _n is a constant and this relation is reduced to the algebraic one

* In non-renormalizable theories for the scattering amplitudes A_n depends on kinematics and
one has to integrate through the one-loop diagrams

* For the effective potential A_n depends on the fields and one has to differentiate

Taking the sum A (—2)" = A(z one can transform the recurrence relation
g n

n

into RG equation

This is the generalized RG equation valid|i2n any (even non-renormalizable) theory!



RG Equation
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Linear equation
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Non-linear equation
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RG pole equation for arbitrary potential

2(z,6) = 3 (~2)"AVi() 7 =2
n=0
Kazakov, lakhibbaev, Tolkachev 22
RG pole equation JHEP v 2304 (2023) 128
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This a non-linear partial differential equation!

Effective potential

Veff(97 ¢) = gZ(Z, ¢)‘z—>— 7 _ log gua /2 v (@) = TVo(9)
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&o&‘@ V-A four fermion Interaction
o@
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Tree level amplitude AELO) = (13)[42]
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RG Equation for the Scattering Amplitude
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& With the help of this equation one can find the asymptotic behaviour of
the amplitude in the high energy regime s ~t ~ u ~ E? — 0o
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Numerical Solution of RG Equation for the Scattering Amplitude

Borlakov, Kazakov, 25
Eur.Phys.J.C 85 (2025) 9, 1000

ATree
1.0 NA - numerical solution
A o AA - geom progression
0.6/ The resummation of LL leads

— to the asymptotical freedom!
0.4} /
0.2:

0.0 —

Asymptotic freedom !!
Just like in the SM
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X2 « -attractor Inflaton Potential
o
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Lift of the Potential at the Minima - Origin of the Cosmological Constant ‘Bﬁ

Kazakov, lakhibbaev, Tolkachev, Filippov 24,25

1.0 A

Class.Quant.Grav. 42 (2025) 14, 145005
0.8 A

Comparison of the classical T2-model
potential (blue dashed line), the one-
loop correction (orange dashed line),
and the RG summed potential (black
solid line) for g ~ 1, u < Mpy,
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Resume

¢ YD-pacxoguMOCTU B HenepeHOpPMUpyemMbiX TeEOPUAX ABJIAIOTCA
NOKaNbHbIMU U MOTYT ObITb YCTpPaHEeHbl C MOMOLUbIO NNOKaJIbHbIX
KOHTPYJIEHOB, KaK B NepeHopMupyem criy4yae

¢ OCHOBbIBaACb Ha JIOKafIbHOCTU KOHTP4/1eHOB, 06YC/IOBJIEHHOW TEOPEeMOM
Boronto6oBa-lapactoka, MOXXHO MOCTPOUTb PEKYPPEHTHbIe COOTHOLLUEHUA
ONA NNOUPYIOLWUX, NOANMUOANPYIOWMUX U T.A. pacXOAMMOCTEN BO BCeX
neTnAx, Ha4MHaA ¢ O4HO-, ABYX-, TPEX- U T.A. NeT/IeBbIX Anarpamm

¢ PeKyppeHTHble COOTHOLWEeHNA MOryT O6biTb Npeo6pa3oBaHbl B 0000LEeHHbIe
ypaBHeHUA PI" TOYHO TaK XXe, KaK B NepeHoOpMUpyemMbiX TeOpUAx

¢ YpaBHeHUA Pl no3BONAIOT CyMMUpPOBaTb nuaupyrowue (noanuaupyrowiue)
pacxoAMMOCTU BO BCEX NMEeTNAX U HaXoAUTb NoBeaeHue npu BbiICOKOM
aHeprum

¢ YpaBHeHuA PI' ana nognuauvpylowmx noaocoB U T.4. Bcerga ABNAIOTCA
NUHeuHbIMU audepeHUnanbHbIMU YPaBHEHUAMN BO3pacTaloLlero
nopAapka

¢ YpaBHeHUA PI' anAa norapudgmoB Bcerga ABNAOTCA guddrepeHumabHbIMU
VpaBHEHUAMMU NepBOro nopAaaKa ¢ U3sBeCTHbIMU 3Ha4YEeHUAMMU B NpaBoun
yacTu
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