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Ìîòèâàöèÿ

▶ Ñóùåñòâóþùèå ýêñïåðèìåíòàëüíûå äàííûå ïî ñïåêòðàì è

ðàäèàöèîííûì ïåðåõîäàì â òÿæåëûõ ìåçîíàõ (ñîäåðæàò õîòÿ

áû îäèí c èëè b êâàðê) íå óäàåòñÿ îáúÿñíèòü â ðàìêàõ

ñóùåñòâóþùèõ ïîäõîäîâ

▶ Âû÷èñëåíèÿ íà ðåøåòêàõ ïîçâîëÿþò ïîëó÷èòü îòâåò, íî íå

äàþò ïîíèìàíèÿ ÿâëåíèé

▶ Èñïîëüçîâàòü ïåðòóðáàòèâíóþ ÊÕÄ äëÿ îïèñàíèÿ ñïåêòðîâ

òÿæåëûõ ìåçîíîâ íåëüçÿ, ò. ê. ýòè ñèñòåìû èìåþò �áîëüøîé�

ðàçìåð
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Ïåðòóðáàòèâíàÿ ÊÕÄ

"Áåãóùàÿ" êîíñòàíòà ñâÿçè:

αs(q
2) =

4π

β0 ln(q2/Λ2
QCD)

, ΛQCD = 300ÌýÂ .

Ïîòåíöèàë âçàèìîäåéñòâèÿ:

VF (q
2) = −4

3
· 4παs(q

2)

q2
, V (r) =

4

3
· 2π

β0 ln(Λr)

1

r
,

Λ = eC ΛQCD , C = 0.577 , Λ = 534ÌýÂ .

Èìååì

V (x) =
V0

x lnx
, V0 =

8πΛ

3β0
, x = Λr .
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Ïåðòóðáàòèâíàÿ ÊÕÄ
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Èíôðàêðàñíûé ïîëþñ: x∗ = 1, r∗ = 0.374ôì.

Òî÷êà ìàêñèìóìà: xmax = 1/e, rmax = 0.138ôì.

Ïðè r > rmax âìåñòî ïðèòÿæåíèÿ èìååì îòòàëêèâàíèå!
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Ïåðòóðáàòèâíàÿ ÊÕÄ

Ðàçìåð a âîëíîâîé ôóíêöèè êâàðêîíèÿ ìîæíî îöåíèòü, èñïîëüçóÿ

ëåïòîííóþ øèðèíó Γee

a ∼

(
4α2e2q
m2

q Γee

)1/3

,

acc̄ ∼ 0.42ôì ≈ 3 rmax , abb̄ ∼ 0.18ôì ≳ rmax .

Çäåñü eq è mq � çàðÿä è ìàññà êâàðêà, α = 1/137.

Äëÿ îïèñàíèÿ ñïåêòðîâ è øèðèí ðàäèàöèîííûõ ïåðåõîäîâ â

òÿæåëûõ ìåçîíàõ íåîáõîäèìî ñòðîèòü ôåíîìåíîëîãè÷åñêèå

ìîäåëè
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Íåðåëÿòèâèñòñêèå ïîòåíöèàëüíûå ìîäåëè

Äëÿ îïèñàíèÿ â íåêîòîðîì ïðèáëèæåíèè ñïåêòðîâ êâàðêîíèåâ

cc̄, bb̄ èñïîëüçîâàëèñü íåðåëÿòèâèñòñêèå ïîòåíöèàëüíûå ìîäåëè ñ

ïîòåíöèàëàìè ðàçíûõ âèäîâ

V (r) = C0 ln
r

r0
,

V (r) = A+B rα, α = 0.1 ,

V (r) = −a
r
+ br .

Èñïîëüçóþòñÿ îïåðàòîðû èçëó÷åíèÿ, ïîëó÷åííûå â

íåðåëÿòèâèñòñêîì ïðèáëèæåíèè

Hrad = −eA · p
m

− 2µs ·B
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Ó÷åò ðåëÿòèâèñòñêèõ ýôôåêòîâ

Ïåðâûé âàæíûé øàã äëÿ ó÷åòà ðåëÿòèâèñòñêèõ ýôôåêòîâ â

ñïåêòðàõ áûë ñäåëàí â ðàáîòå:

S. Godfrey and N. Isgur, Mesons in a Relativized Quark Model with

Chromodynamics, Phys. Rev. D 32, 189 (1985)

H = H(0) +∆H(S) ,

H(0) = h1 + h2 + Ug(r) + Uconf (r) ,

h1 =
√
m2

1 + p2, h2 =
√
m2

2 + p2,

Ug(r) = −g
r
, Uconf (r) = br + C .

Ïîòåíöèàë Ug(r) ñîîòâåòñòâóåò îáìåíó 4-âåêòîðîì, à ïîòåíöèàë

Uconf (r) - ñêàëÿðîì.
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Ó÷åò ðåëÿòèâèñòñêèõ ýôôåêòîâ

Ñëàãàåìîå ∆H(S) åñòü ñóììà ëèíåéíîãî ∆H
(S)
1 è êâàäðàòè÷íîãî

∆H
(S)
2 ïî ñïèíàì âêëàäîâ,

∆H
(S)
1 =

1

4

(
g

r3
− b

r

)[
(L · Stot)

(
1

m2
1

+
1

m2
2

)

+ (L ·Σ)

(
1

m2
1

− 1

m2
2

)]
+

g

m1m2r3
(L · Stot) ,

∆H
(S)
2 =

g

m1m2

[
8π

3
δ(r)(S1 · S2) +

1

2r3

[
3(Stot · n)2 − S2

tot

]]
.

Çäåñü Stot = S1 + S2, Σ = S1 − S2, n = r/r.

Íåäîñòàòêè ìîäåëè GI: îòñóòñòâóåò íå çàâèñÿùàÿ îò ñïèíà

ïîïðàâêà ∆H(0), ìàññû êâàðêîâ â çíàìåíàòåëÿõ â ∆H(S),

èñïîëüçóåòñÿ Hrad â íåðåëÿòèâèñòñêîì ïðèáëèæåíèè.
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Íàâîäÿùèå ñîîáðàæåíèÿ ê ïîñòðîåíèþ ìîäåëè

A.E. Bondar and A.I. Milstein, Relativistic e�ects in M1 radiative

decays of heavy-light mesons, Phys. Rev. D, 112, 054037 (2025)

Ðàçëîæèì
√
(p− eA)2 +m2 ïî 1/m√

(p− eA)2 +m2 = m+
(p− eA)2

2m
− ((p− eA)2)2

8m3
+ . . .

ëèíåéíûå ïî A ÷ëåíû áóäóò âî âñåõ ñëàãàåìûõ.

Ðàçëîæèì
√
(p− eA)2 +m2 ïî 1/

√
p2 +m2 äî ëèíåéíûõ ïî A

÷ëåíîâ√
(p− eA)2 +m2 =

√
p2 +m2 − eA · v , v =

p√
p2 +m2

,

èìååì âñåãî îäíî ñëàãàåìîå!

Âñïîìíèì ôîðìóëó èç êëàññè÷åñêîé ýëåêòðîäèíàìèêè

dIω =
e2ω2

(2π)2c3

∣∣∣∣∫ dt [n× v(t)] exp
[
iω
(
t− n · r(t)/c

)]∣∣∣∣2 dΩn dω .
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https://doi.org/10.1103/gnyk-r31j


Ðåëÿòèâèñòñêàÿ ïîòåíöèàëüíàÿ ìîäåëü

Â íàøåé ìîäåëè ãàìèëüòîíèàí, îïèñûâàþùèé ñïåêòð, èìååò âèä

H = H(0) +∆H(0) +∆H(S), ãäå H(0) ñîâïàäàåò ñ GI.

Äëÿ ∆H(0) = ∆H
(0)
g +∆H

(0)
b èìååì

∆H(0)
g = −g

4

[
pi

h2

(
δij

r
+
rirj

r3

)
pj

h1
+
pi

h1

(
δij

r
+
rirj

r3

)
pj

h2

]

+
πg

2

[
1

h1
δ(r)

1

h1
+

1

h2
δ(r)

1

h2

]
,

∆H
(0)
b =

b

2

[
1

h1

(
1

2r
− pirpi

)
1

h1
+

1

h2

(
1

2r
− pirpi

)
1

h2

]
.

Åñëè çàìåíèòü h1,2 → m1,2, òî ïîëó÷èì ãàìèëüòîíèàí Áðåéòà.
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Ðåëÿòèâèñòñêàÿ ïîòåíöèàëüíàÿ ìîäåëü

Äëÿ ñïèíîâîé ÷àñòè ãàìèëüòîíèàíà ∆H(S) èìååì

∆H(S) =
1

2h1

(
g

r3
− b

r

)
(L · S1)

1

h1
+

1

2h2

(
g

r3
− b

r

)
(L · S2)

1

h2

+
g

2h1

(L · Stot)

r3
1

h2
+

g

2h2

(L · Stot)

r3
1

h1
+
g

2

[
1

h1
P 1

h2
+

1

h2
P 1

h1

]
,

P =
8π

3
δ(r)(S1 · S2) +

1

2r3

[
3(Stot · n)2 − S2

tot

]
.

Ðàññìîòðåíû íèçøèå ðàäèàëüíûå ñîñòîÿíèÿ ñ L = 0, J = 0;

L = 0, J = 1; L = 1, J = 2; L = 1, J = 0 è äâà ñîñòîÿíèÿ ñ

L = 1, J = 1.
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Ðåëÿòèâèñòñêàÿ ïîòåíöèàëüíàÿ ìîäåëü

Äâà ñîñòîÿíèÿ, Ψ1 è Ψ′
1, ñ L = 1, J = 1 ÿâëÿþòñÿ ñóïåðïîçèöèåé

ñîñòîÿíèÿ ψ1 ñ Stot = 0 è ψ2 c Stot = 1:

Ψ1(r) = c1ψ1 + c2ψ2(r) , Ψ′
1 = c2ψ1(r)− c1ψ2(r) .

Êîýôôèöèåíòû c1,2 íàõîäÿòñÿ èç ðåøåíèÿ ñåêóëÿðíîãî óðàâíåíèÿ.

Âàæíàÿ õàðàêòåðèñòèêà ñèñòåìû: φ = arctan(c1/c2).
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Ðåëÿòèâèñòñêàÿ ïîòåíöèàëüíàÿ ìîäåëü

Â ïðåäåëå m2 → ∞, ãàìèëüòîíèàí ∆H(S) èìååò âèä

∆H(S) =
1

2h1

(
g

r3
− b

r

)
1

h1
(L · S1) ,

c1 = −
√

1

3
, c2 =

√
2

3
, φ∗ = − arctan(1/

√
2) = −35.3◦ , σ = 1 ,

c1 =

√
2

3
, c2 =

√
1

3
, φ∗ = arctan(

√
2) = 54.7◦ , σ = −1 ,

σ = sgn

〈
ψ1

∣∣∣∣ 1

2h1

(
g

r3
− b

r

)
1

h1

∣∣∣∣ψ1

〉
.
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Ðåëÿòèâèñòñêàÿ ïîòåíöèàëüíàÿ ìîäåëü

Â ïðåäåëå m2 → ∞ óäîáíî ââåñòè îïåðàòîð j1 = L+ S1. Òîãäà

âåðîÿòíîñòè W1/2 è W3/2 íàéòè j1 = 1/2 è j1 = 3/2 â ñîñòîÿíèè,

ñîîòâåòñòâóþùåì âîëíîâîé ôóíêöèè Ψ′
1, ðàâíû

W1/2 =
1

3
(
√
2c1 + c2)

2 = δσ,−1 , W3/2 = 1−W1/2 = δσ,1 .

Ìû ïîëó÷èëè:

W1/2 = 0.05 äëÿ bū, bd̄, bs̄, bc̄

W1/2 = 0.5 äëÿ cū, cd̄ è W1/2 = 0.23 äëÿ cs̄

Âûâîä: b êâàðê ìîæíî ñ÷èòàòü äîñòàòî÷íî òÿæåëûì, à c êâàðê

íåëüçÿ
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Ðàäèàöèîííûå ïåðåõîäû â ðåëÿòèâèñòñêîé ïîòåíöèàëüíîé ìîäåëè

Îäíîôîòîííûå ïåðåõîäû îïèñûâàþòñÿ ãàìèëüòîíèàíîì

Hrad = G(0) +
1

2
Stot ·G(S) +

1

2
Σ ·G(Σ) ,

G(0) = −1

2

{
1

h1
, e1A1 · p

}
+

1

2

{
1

h2
, e2A2 · p

}
+
g

4

[
pj

h2

(
δij

r
+
rirj

r3

)
e1A

i
1

1

h1
+

1

h1
e1A

i
1

(
δij

r
+
rirj

r3

)
pj

h2

− (h1 ↔ h2, e1 → e2, A1 → A2)

]

+
b

2

[
1

h1
{r , e1A1 · p}

1

h1
− 1

h2
{r , e2A2 · p}

1

h2

]
.

Çäåñü {A,B} = AB +BA, A∗
W - âåêòîð ïîëÿðèçàöèè ôîòîíà,

A∗
W · k = 0,

Ai = A∗
W e−ik·ri , r1 =

m2

M
r , r2 = −m1

M
r , M = m1 +m2.

15 / 21



Ñðàâíåíèå ñ ýêñïåðèìåíòîì

Ïàðàìåòðû ìîäåëè: mb, mc, ms, mu, md, b, g, C0, C1

Ýòè ïàðàìåòðû áûëè íàéäåíû èç àíàëèçà ñïåêòðîâ ìàññ:

▶ Ðàññìîòðåëè ñèñòåìû bb̄, cc̄. Íàøëè mb, mc, b.

▶ Ðàññìîòðåëè ñèñòåìû bū, bd̄. Íàøëè mu, md, ïðåíåáðåãàÿ

íàðóøåíèåì èçîòîïèêè.

▶ Ðàññìîòðåëè ñèñòåìó bs̄. Íàøëè ms.

Â êàæäîé ñèñòåìå ñâîè g, C0, C1, òàê êàê ðàçìåðû âîëíîâûõ

ôóíêöèé ðàçíûå. Ìàññû êâàðêîâ è ïàðàìåòð b âî âñåõ ñèñòåìàõ

îäèíàêîâûå.

Âñå îñòàëüíîå (îñòàâøèåñÿ ìàññû è øèðèíû ðàäèàöèîííûõ

ïåðåõîäîâ) ïðåäñêàçûâàåòñÿ!
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Ñðàâíåíèå ñ ýêñïåðèìåíòîì

Â èòîãå ìû ïîëó÷èëè ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ

Ïàðàìåòð b = 0.1ÃýÂ2

Ìàññû êâàðêîâ (â ÃýÂ):

mb = 5, mc = 1.6, ms = 0.55, mu = md = 0.25

Ïàðàìåòð g è ïðèâåäåííàÿ ìàññà µ (â ÃýÂ)

bb̄ bc̄ cc̄ bs̄ cs̄ bū cū

g 0.57 0.75 0.78 0.82 0.93 0.94 0.95

µ 2.5 1.21 0.8 0.5 0.41 0.24 0.22
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Ñðàâíåíèå ñ ýêñïåðèìåíòîì

Ñïåêòð ìàññ â ñèñòåìàõ cc̄ è bb̄ (â ÌýÂ)

M(ηc) M(J/ψ) M(χc0) M(χc1) M(hc) M(χc2)

Ïðåäñêàçàíèÿ 2984 3093 3466 3513 3525 3544
Ýêñïåðèìåíò 2984 3097 3415 3511 3525 3556

M(ηb) M(Υ) M(χb0) M(χb1) M(hb) M(χb2)

Ïðåäñêàçàíèÿ 9399 9459 9876 9894 9899 9907
Ýêñïåðèìåíò 9399 9460 9859 9893 9899 9912

Ñïåêòð ìàññ â ñèñòåìàõ bū è bd̄ (â ÌýÂ)

M(B(−)) M(B(−)∗) M(B
(−)
0 ) M(B

(−)
1 ) M(B

(−)
1

′) M(B
(−)
2 )

Ïðåäñêàçàíèÿ 5280 5382 5677 5711 5726 5740
Ýêñïåðèìåíò 5279 5325 . . . . . . 5726 5737

M(B(0)) M(B(0)∗) M(B
(0)
0 ) M(B

(0)
1 ) M(B

(0)
1

′) M(B
(0)
2 )

Ïðåäñêàçàíèÿ 5280 5382 5677 5711 5726 5740
Ýêñïåðèìåíò 5280 5325 . . . . . . 5726 5740
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Ñðàâíåíèå ñ ýêñïåðèìåíòîì

Ñïåêòð ìàññ â ñèñòåìå bs̄ (â ÌýÂ)

M(Bs) M(B∗
s ) M(Bs0) M(Bs1) M(B′

s1) M(Bs2)

Ïðåäñêàçàíèÿ 5367 5443 5786 5815 5828 5840
Ýêñïåðèìåíò 5367 5415 . . . . . . 5829 5840

Ñïåêòð ìàññ â ñèñòåìàõ cū è cd̄ (â ÌýÂ)

M(D(0)) M(D(0)∗) M(D
(0)
0 ) M(D

(0)
1 ) M(D

(0)
1

′) M(D
(0)
2 )

Ïðåäñêàçàíèÿ 1867 2020 2343 2413 2427 2452
Ýêñïåðèìåíò 1865 2007 2343 2412 2422 2461

M(D(+)) M(D(+)∗) M(D
(+)
0 ) M(D

(+)
1 ) M(D

(+)
1

′) M(D
(+)
2 )

Ïðåäñêàçàíèÿ 1867 2020 2343 2413 2427 2452
Ýêñïåðèìåíò 1870 2010 2343 . . . 2426 2464
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Ñðàâíåíèå ñ ýêñïåðèìåíòîì

Ñïåêòð ìàññ â ñèñòåìå cs̄ (â ÌýÂ)

M(Ds) M(D∗
s ) M(Ds0) M(Ds1) M(D′

s1) M(Ds2)

Ïðåäñêàçàíèÿ 1968 2122 2455 2525 2542 2569
Ýêñïåðèìåíò 1968 2112 2317 2460 2535 2569

Ïðåäñêàçàíèÿ äëÿ øèðèí ðàäèàöèîííûõ ïåðåõîäîâ
DsJ → Dsγ è DsJ → D∗

sγ (â êýÂ)

Ïóáëèêàöèÿ [?] [?] [?] [?] [?] [?] Íàøà ðàáîòà

Γ(Ds0 → D∗
sγ) 1.9 14.5-24.9 5.46 4.92 2.06-2.07 . . . 4.51

Γ(Ds1 → Dsγ) 6.2 10.3-17.2 13.2 12.8 3.53-3.61 . . . 49.66
Γ(Ds1 → D∗

sγ) 5.5 14.0-25.1 17.4 15.5 4.74-4.79 . . . 1.95
Γ(D′

s1 → Dsγ) 15 25.2-31.1 61.2 54.5 18.18-18.85 1.6± 2.3 1.51
Γ(D′

s1 → D∗
sγ) 5.6 14.6-22.8 9.21 8.9 2.96-3.02 10.4± 1. 16.35

Γ(Ds2 → D∗
sγ) 19 41.5-55.9 49.6 44.1 15.23-15.66 9.4± 2.0 3.75
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Çàêëþ÷åíèå

▶ Â ðàìêàõ ðåëÿòèâèñòñêîé ïîòåíöèàëüíîé ìîäåëè ïðîâåäåí
äåòàëüíûé àíàëèç ñïåêòðîâ è ïàðöèàëüíûõ øèðèí
ðàäèàöèîííûõ ïåðåõîäîâ â ðàçëè÷íûõ ñèñòåìàõ òÿæåëûõ
ìåçîíîâ

▶ Ïîëó÷åíî êà÷åñòâåííîå ñîãëàñèå ñî âñåìè èìåþùèìèñÿ
ýêñïåðèìåíòàëüíûìè äàííûìè

▶ Ó÷åò ðåëÿòèâèñòñêèõ ýôôåêòîâ ïîçâîëÿåò îáúÿñíèòü
ýêñïåðèìåíòàëüíûå äàííûå, êîòîðûå íå ïîëó÷àåòñÿ
îáúÿñíèòü â äðóãèõ ìîäåëÿõ

▶ Ïðåäñêàçàíèÿ äëÿ ìàññ ìåçîíîâ è ïàðöèàëüíûõ øèðèí
ðàäèàöèîííûõ ïåðåõîäîâ îñòàþòñÿ êîíå÷íûìè äàæå ïðè
íóëåâîé ìàññå ëåãêîãî êâàðêà

▶ Ðåçóëüòàòû áóäóò ïîëåçíû ïðè ïëàíèðîâàíèè ýêñïåðèìåíòîâ,
ïîñâÿùåííûõ èçó÷åíèþ ôèçèêè òÿæåëûõ ìåçîíîâ
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