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Outline

▶ Backward Compton scattering � the source of high energy real photons.

▶ Strong laser �elds lead to nonlinear e�ects.
Volkov solution [1937] of the Dirac equation.
Nikishov, Ritus [1964] results for nonlinear Compton process.
my background:
D.I., G. Kotkin and V. Serbo [2004]
full results for polarization e�ects (the case when all particles polarized) in

e + nγL → e + γ , γ + nγL → e+ + e−

▶ My topic:
Compton scattering in the �eld of laser two circularly polarized plane
waves: A = Aω + A2ω.
Experiment hopefully possible thanks to well known [since 1961]
experimental technique of (SHG) Second-Harmonic-Generation.

▶ Narozhny and Fofanov [2000]: case of two linearly polarized waves.

▶ Amplitude and probability.

▶ Results for photon spectra.

▶ Summary.
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Exact Volkov solution

Circularly polarized plane wave:

A = a1 cosϕ+ a2 sinϕ , ϕ = kx , a1,2 k = a1a2 = 0 , a21,2 ≡ a2

Solution of Dirac equation in this �eld

Ψp(x) =

[
1+

e

2kp
k̂Â

]
up√
2p0

e iS

where

S = −px −
kx∫
0

e

kp

[
pA− e

2
A2

]
dϕ

Note that if ΨA1 and ΨA2 are solutions of DEq. for �elds A1 and A2 it is not
true that ΨA1+A2 = ΨA1 +ΨA2 � solution for A = A1 + A2.

Separate consideration of the circular and linear polarizations of the laser �eld.
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Second-Harmonic-Generation in laser physics

ω ω

ω ω

Figure: Setup of the second harmonic generation experiment.

Laser photons interacting with a nonlinear material,

P = χ(1)E + χ(2)E 2 + . . .

P- polarization, χ(2)- non-linear part of electric susceptibility, are e�ectively
"combined" to generate new photons with twice the frequency,

χ(2)E 2 ∼ cos2(ωt) ∼ (1+ cos(2ωt))/2
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E�ective electron mass

The method works also for more general case of superposition of the two plane
waves, A = Aω + A2ω:

A = a1 [cosϕ+ α cos(2ϕ+ ϕ0)] + a2 [sinϕ+ α sin(2ϕ+ ϕ0)]

where α = |A2ω|/|Aω|, and ϕ0- relative phase

A2 = a2
[
1+ α2 + 2α cos(ϕ+ ϕ0)

]
The current jµ = Ψ̄pγµΨp calculated with Volkov solution reads

⟨jµ⟩ =
1

p0

(
pµ − kµ

e2⟨A2⟩
2pk

)
therefore electron acquires

p → q = p − k
e2⟨A2⟩
2pk

with q
2 ≡ m

2

∗

e�ective mass (analogy with Bloch theorem in QM), ξ- non-linearity parameter

m2

∗ = m2
[
1+ ξ2(1+ α2)

]
, ξ2 =

e2(−a2)

m2

5 / 28



Photon radiation, Furry picture

S− matrix for radiation of photon with momentum k ′ and polarization vector e′

Sfi = −ie

∫
Ψ̄p′(x)ê

′∗Ψp(x)
e ik

′x

√
2ω′

d4x

Volkov solutions here are not plane waves! Ψp(x) ∼ e iS , where

S = −qx − αm2ξ2

kp
sin(ϕ+ ϕ0)

−e
a1p

kp

[
sinϕ+

α

2
sin(2ϕ+ ϕ0)

]
+ e

a2p

kp

[
cosϕ+

α

2
cos(2ϕ+ ϕ0)

]
remind that ϕ = kx . Similar eq. for Ψ̄p′ = . . .
ϕ dependence is periodic, therefore we need to separate harmonics!

B(ϕ) =
+∞∑

n=−∞

Bne
−inϕ

where n- number of quanta absorbed from the laser wave.
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Amplitude

After harmonic separation and x- integration

Sfi =
∞∑
n=1

iMn√
2ω′2q02q′

0

(2π)4δ4(q′ + k ′ − nk − q)

Mn - amplitude with absorption of n laser quanta. Since

Ψ̄p′(x)ê
′∗Ψp(x) ∼ ūp′

[
ê′∗ +

e

2p′k
Âk̂ê′∗ +

e

2pk
ê′∗k̂Â− (e′∗k)e2A2

2(p′k)(pk)

]
up

we will need 4 di�erent Fourier projections: D0

n ,D2

n ,Di
n, where i = 1, 2,

Mn ∼ ūp′

[(
ê′∗ +

(e′∗k)m2ξ2(1+ α2)

2(p′k)(pk)
k̂

)
D0

n+(
e

2p′k
âi k̂ ê

′∗ +
e

2pk
ê′∗k̂ âi

)
Di

n +
(e′∗k)m2ξ2α

(p′k)(pk)
k̂ D2

n

]
up
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Kinematic notations

q + nk = q′ + k ′ , q2 = q′2 = m2

∗ , q = p + k
m2

∗ −m2

2pk

we de�ne

x =
2pk

m2
, y =

kk ′

kp
, 0 ≤ y ≤ yn =

nx

nx +m2
∗/m2

for our �nal state we have

dΓn = δ4(q + nk − q′ − k ′)
d3k ′

ω′
d3q′

q′
0

= dy dφ

φ- �nal electron azimuthal angle, (φ+ π)- angle of the �nal photon. For initial
electron p = (E , p⃗ ) and |p⃗ | ≈ E for ultra relativistic electron

ω′ = (|p⃗ | − nω)y + nω

�nal photon polar angle is θ

y =
(1+ cos θ)nω

(1+ cos θ)nω + E − |p⃗ | cos θ
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Gauge invariance

we will need also

αi ≡ e

(
aip

kp
− aip

′

kp′

)
, z2 ≡ α2

1 + α2

2 , α1 = z cosφ , α2 = z sinφ

and

z =
2n ξ

m∗/m

√
u

un

(
1− u

un

)
, u ≡ y

1− y
, 0 ≤ u ≤ un =

nx

m2
∗/m2

Gauge invariance: Mn → 0 if we substitute polarization vector, e′ → k ′

αiDi
n = α1Di=1

n + α2Di=2
n = nD0

n +
2αyξ2

x(1− y)
D2

n

non-trivial check of our calculation, and allows to simplify our �nal result.
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Fourier projections

we introduce notation ψ = φ+ ϕ0 then

D0

n = e inφ
2π∫
0

dϕ

2π
e inϕ−iz(sinϕ+α

2
sin(2ϕ+ψ))+2iαξ2 u

x
sin(ϕ+ψ)

D2

n = e inφ
2π∫
0

dϕ

2π
cos(ϕ+ ψ)e [... ]

Di=1
n = e inφ

2π∫
0

dϕ

2π
[cos(ϕ+ φ) + α cos(2ϕ+ ψ + φ)] e [... ]

Di=2
n = e inφ

2π∫
0

dϕ

2π
[sin(ϕ+ φ) + α sin(2ϕ+ ψ + φ)] e [... ]
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Emission probability

So, we got for probability of emission per unit time (ȳ ≡ 1− y):

dẆn

dydφ
=
αemm

2

4πq0
×

[
ξ2

(
1+ ȳ2

ȳ

){
Di

nDi∗
n − (1+ α2)D0

nD0∗
n − α

(
D0

nD2∗
n +D2

nD0∗
n

)}
− 2D0

nD0∗
n

]
Our probability depends on ψ = φ+ ϕ0 angle only! Changing ϕ0 one can
"rotate" azimuthal angle distribution.
At α→ 0, our D's are expressed through Bessel Jn(z) functions. The gauge
invariance condition then is reduced to the known relation for Bessel functions

Jn+1(z) + Jn−1(z) =
2n

z
Jn(z)

In our case we use numerical approach to D's.
In the limit α = 0, Nikishov-Ritus result is restored (being independent on φ)

dẆ NR
n

dydφ
∼

[
ξ2

(
1+ ȳ2

2ȳ

){
J2n+1(z) + J2n−1(z)− 2J2n (z)

}
− 2J2n (z)

]
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Azimuthal angle dependence - new nonlinear e�ect

▶ We got probability dependence on the azimuthal angle! How it could be?

Our A = Aω + A2ω, electric �eld E⃗ = − ∂A⃗
∂t
.

E⃗ = ω {a⃗1 [sinϕ+ 2α sin(2ϕ+ ϕ0)]− a⃗2 [cosϕ+ 2α cos(2ϕ+ ϕ0)]}

▶ We introduce vector in the transverse plane n⃗ ≡ a⃗1 cosφ+ a⃗2 sinφ , then

(n⃗E⃗) = ω(−a2) [sin(ϕ− φ) + 2α sin(2(ϕ− φ) + ϕ0 + φ)]

and consider correlators ⟨Pn⟩ = ⟨(n⃗E⃗)n⟩/(ω(−a2)n) (ψ ≡ ϕ0 + φ)

⟨P1⟩ = 0 , ⟨P2⟩ = 1

2
+ 2α2 , ⟨P3⟩ = −3

2
α sinψ

⟨P4⟩ = 3

8
+ 6α2 + 6α4 , ⟨P5⟩ = −5

2
α(1+ 6α2) sinψ

▶ In the presence of second wave there is preferable direction in the
transverse plane. It is a non-linear e�ect (starts from ⟨P3⟩)!
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Typical energy range for Compton photons, when ω = 1 eV

▶ Particle physics I:

ω′ ∼ 260 GeV , x = 4.8 , E = 312 GeV

▶ Particle physics II:

ω′ ∼ 11 GeV , x = 0.5 , E = 32.5 GeV

▶ Nuclear physics:

ω′ ∼ 6 MeV , x = 0.01 , E = 650 MeV

▶ "Solid state" physics:

ω′ ∼ 16 KeV , x = 0.5 10−3 , E = 32.5 MeV

The last two cases correspond to the low energy Thomson limit
(p + k)2 −m2 ≪ m2, or x ≪ 1.
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Strategy to choose α = A2ω/Aω

For each ξ :

ξ2 ∼
(

J

1018[W /cm2]

)(
1 eV

ℏω

)
2

to �nd such α = A2ω/Aω where there is order of 100% interference between
the processes of single absorption from A2ω and non-linear double absorption
from Aω.
In this way we will consider the following pairs of parameters:

ξ = 0.2 α = 0.2

ξ = 0.3 α = 0.267

ξ = 0.4 α = 0.325

Also we will consider ξ = 1, and α = 1 cases.
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Results: "collider" energies
After conversion e + γL → e′ + γ′ the process of e+e− pair production,
γ′ + γL → e+ + e−, may occur if energy is above threshold. The condition for
that

x2 = 4(1+ ξ2)(1+ x + ξ2)

for ξ = 0, the solution is x = 2+
√
8 = 4.83. For ω = 1 eV it corresponds to

E ≈ 300 GeV. It can be realized at the future Electron Linear Colliders.
Just single strong wave with ξ = 1
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Figure: Single wave: x = 4.8, ξ = 1..
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Results: "collider" energies
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Figure: Single wave: x = 4.8, ξ = 0.2.
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Results: "collider" energies
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Figure: 2waves: x = 4.8, ξ = 0.2, α = 0.2, ψ = 0 and π.
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Results: "collider" energies
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Figure: 2waves: x = 4.8, ξ = 0.2, α = 0.2, ψ = 0.
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Results: "collider" energies
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Figure: 2waves: x = 4.8, ξ = 0.3, α = 0.27, ψ = 0 and π.
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Results: "collider" energies
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Figure: 2waves: x = 4.8, ξ = 0.3, α = 0.27, ψ = 0.
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Results: "collider" energies
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Figure: 2waves: x = 4.8, ξ = 0.4, α = 0.33, ψ = 0 and π.
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Results: "collider" energies
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Figure: 2waves: x = 4.8, ξ = 0.4, α = 0.33, ψ = 0.
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Results: "small" energy, 32.5 MeV
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Figure: 2waves: x = 0.510−3, ξ = 0.2, α = 0.2, ψ = 0 and π.
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Results: "small" energy, 32.5 MeV
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Figure: 2waves: x = 0.510−3, ξ = 0.2, α = 0.2, ψ = 0.
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Results: "small" energy, 32.5 MeV
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Figure: 2waves: x = 0.510−3, ξ = 0.4, α = 0.33, ψ = 0 and π.
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Results: "small" energy, 32.5 MeV
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Figure: 2waves: x = 0.510−3, ξ = 0.4, α = 0.33, ψ = 0.
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Results: "small" energy, 32.5 MeV
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Figure: 2waves: x = 0.510−3, ξ = 1.0, α = 1.0, ψ = 0 and π.
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Summary

▶ We derived results for the non-linear Compton scattering in the �eld of
two waves, Aω + A2ω, both circularly polarized.

▶ Non-linearity in such �eld induces azimuthal angle dependence of the
Compton spectra:
We found at some values of ξ and α strong in�uence (interference)
between the processes of absorption of one quanta from A2ω and two
quanta from Aω. This leads to very strong azimuthal angle dependence for
the second harmonic.
At ψ = 0 It leads to almost full cancellation of the second harmonic, with
the "quasy monochomatic" peak at its threshold.
At ψ = π we found instead large enhancement of the second harmonic.

▶ These e�ects are special for circular polarization and are related with
angular momentum conservation low.

▶ Relative phase ϕ0 parameter between A2ω and Aω may be used to
"rotate" azimuthal angle distribution of the Compton photons.

▶ Study of polarization e�ects is in progress.
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