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Resonances: Breit-Wigner (BW) approximation:
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Complex momentum and energy space frame
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One channel scattering
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One channel scattering
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One channel scattering

> S(k) = Ty = 0, [S(k)| =1
> D(k) = (k — k)

> D(—K) = (~k — k)




One channel scattering

S(k) = Sy = €28, |S(k)| = 1
D(k) = (k = k)
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But |S(k)| # 1 so
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One channel scattering

vV vvyYyYyVvyy

S(k) = 5y = ¥, |S(k)| = 1
D(k) = (k — k)

D(—k) = (—k — k;)

But |S(k)| # 1 so

D(k) = (k — kj)(k + k")

D(=k) = (=k = k) (—k + K7)




One channel scattering

1 Im k,
> S(k) = Sy = €28, |S(k)| = 1 ° °
> D(K) = (k— k) )
> D(—k) = (—k — k)
> But |S(k)| # 1so x %
> D(k) = (k— k])(K + kj*) P’ P
> D(—k) = (=k = kK)(—k +K)
» then |S(k)| =1
» andd=(—a—B+v+w)/2

—Imk;
angle = ArcTan( ;— Ref(,‘ )
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Unitarity of Breit Wigner approximation
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Unitarity of Breit Wigner approximation

I/2k
> BW(E) = gyt

T 2
> BW(E) = Sew(f)=1

_ Mgw—E+ir/2
> Sew(E) = woy—E-i72



Unitarity of Breit Wigner approximation

I/2k
BW(E) = m

>
T 2

> BW(E) = Sew(f)=1

>

>
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Defining E; = Mpw — iT /2 we get



Unitarity of Breit Wigner approximation

I/2k
BW(E) = m

o0(E) = 4n(2¢ + 1)|BW(E))? = 5(2¢+ 1) r2

(Mgw—E)2+T2/4
BW(E) = Sew()1
Mgy —E+il /2
Sew(E) = M;VKTJJZ
Defining E; = Mpw — iT /2 we get
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Unitarity of Breit Wigner approximation
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zeroes and



Unitarity of Breit Wigner approximation
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BW(E) = m
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Unitarity of Breit Wigner approximation

vV V. v vV VvV Vv VY

vy

I/2k
BW(E) = m

T 2
0i(E) = 4n(20+ 1) BW(E) = 5 (20 + 1) —Ezirera
S —
BW(E) = Sew()1

Mgy —E~+iT /2
Sew(E) = Mgwf&;rﬁz

Defining E; = Mpw — iT /2 we get
E—E;

— J
Sgw(E) = -F and
because E = /(+k)2/4 + m? there are two poles and two
zeroes and
|Sew(E)| =1
so Breit Wigner approximation is unitary!!!




Limit of Spw(E) and S(k) at the threshold

Let's check § and o ~ |57 > at E — 2m
then:
—Kjxk;
> S(k) — k*k/ and (k) — 0
also o(k) — 0

> Spw(E) — % and §(E) — ArcTan(y r/sz) #0
alsoo(E)#0
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Pole and mass of a resonance

» Let’s have good BW fit to the data — mass E = Mgy, at 6 = 90°

P Let's fit amplitude As,, 10 the same data. As_ ,, has a
single pole at k; = a — ib then & = ArcTan(=2) + ArcTan(—2—) and

k—a k
Mgy # 2+/ a2 + m?, additionally |S| # 1




Pole and mass of a resonance

» Let’s have good BW fit to the data — mass E = Mgy, at 6 = 90°
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Pole and mass of a resonance

» Let’s have good BW fit to the data — mass E = Mgy, at 6 = 90°

P Let's fit amplitude As,, 10 the same data. As_ ,, has a
single pole at k; = a — ibthen 6 = ArcTan(;— —b ) + ArcTan(—=;) and

Mgy # 2+/ a2 + m?, additionally |S| # 1
P Let’s fit amplitude Ag,, to the same data. Ag, has a

two symmetric poles at k; = a — iband k = —a — ib then

8 = ArcTan( 2% ) + ArcTan(—>=25 ) and again

Mpw # 2+/ a2 + m?, but now |S| = 1

Let’s check it for p(770): =0 |
Mgy = 775.26 + 0.25 MeV (PDG'2016),
I =149.1 + 0.8 MeV (PDG'2016),

2V/a 1 < Mpw by <9MeVIl  cww}

Left (upper) line:
Ay fitted to the data

50 -

Right (lower) line: R e

As fitted to the data with 2+/ a2+ m? = Mgy Do,z 04 0.8 Otﬂ ) 1.0 1.2 14
GeV




First three remarks

(for one channel and one resonance only!)

1. Breit Wigner approximation is unitary

2. Breit Wigner approximation works well only for single
resonances and not far from their maximum

3. Positions of poles and Breit Wigner masses are not the
same!

bigger I' = bigger difference between Re(Epqe) and Mpw




More resonances (but still one channel)

Adding resonances (for simplicity two resonances, both with
S = &2y:
> |sobar model: adding amplitudes (even unitary ones)
violates unitarity:
T 2= Ti+ T = Sé,? + Sé,? - S+ S = g%/ g%
of course |Sy + S| # 1,




More resonances (but still one channel)

Adding resonances (for simplicity two resonances, both with
S = &2y:
> |sobar model: adding amplitudes (even unitary ones)
violates unitarity:
T 2= Ti+ T = Sé,? + Sé,? - S+ S = g%/ g%
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» Product of S matrices: |S;1Sz| = 1 in elastic case and

|S1S,| < 1 in inelastic case (S = ne??)
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More resonances (but still one channel)

Adding resonances (for simplicity two resonances, both with
S = &2y:
> |sobar model: adding amplitudes (even unitary ones)
violates unitarity:
Tiz=Ti+To=3"+ 551 — S + S, = 621 + 2%
of course |Sy + So| # 1,
» Product of S matrices: |S;1Sz| = 1 in elastic case and

|S1S,| < 1 in inelastic case (S = ne??)
(—k—k) ) (—k+ki ) (—k—ko) (—k-+K3)
For example S1 2 = =gy ) (kikg)

ST
Of course Ty = 22

» Sum of K matrices: S=1+2iT = (1 +iK)/(1 — iK) does

noit violate unitarity, for example Ty 2 = £ %




More channels: k; = i\/kf +mz —ms

(Im(ky), Im(K2)): (+:+), (-4) ...



More channels: k; = i\/kf +mz —ms

(Im(ky), Im(k2)): (+,4), (-,+) .... 1 pole — 2(=1) poles (n-number of channels)



More channels: k, = i\/k12 +mZ — mj

(Im(ky), Im(k2)): (+,4), (-,+) ... 1 pole — 2("=1) poles (n-number of channels)

Im E




Multiplication and displacement of S matrix poles

» Multiplication:
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1 pole — 2™ poles due to (£k)? ambiguity and
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2" Riemann sheets
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» Displacement:
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Multiplication and displacement of S matrix poles

» Multiplication:
2" Riemann sheets
1 pole — 2™ poles due to (£k)? ambiguity and

» Displacement:

Si1 = Blgpzee) in decoupled case

_ Di(=ki) Da(ko)+C(—ki,k2)
S = D1(k1)D§(k§)+C(k1 7> in coupled case

T\ i1 Reiti+02) ne?isz - Soy D(ki,—kp)

D(ky,k2)
where S 10 = 321 = 5118 — D(: ;21)(2)




Example for two channels: J/ = SO wave
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Example for two channels: J/ = SO wave

Pole | ReEpoe MeV | ImEpoe MeV R. sheet
1 639.6 -323.9 (= =)
1 511.4 -230.6 (=)
2 982.0 -36.9 (=, 4+): 1
2 432.4 -8.4 (=,=):
3 1431.7 -79.3 (—,—):
3 1394.9 -120.6 (= +): 1l




Example for two channels: J/ = SO wave

Pole | ReEpoe MeV | ImEpoe MeV R. sheet
1 639.6 -323.9 (= =)
1 511.4 -230.6 (=)
2 982.0 -36.9 (=, 4+): 1
2 432.4 -8.4 (=,=):
3 1431.7 -79.3 (—,—):
3 1394.9 -120.6 (= +): 1l

Im(z)
=)

-0.5

-1.5

-2
3




For two channels: TWO POLES 2 and 2’ (£,(980))

2:982.0-i"36.9 2': 432.4-"8.4 both 2 and 2’
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For two channels: TWO POLES 1 and 1’ (£,(500))

1: 639.6-"323.9 1: 511.4-i*230.6 both 1 and 1’
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Example for two channels: JO = SO wave

Im(z)

Pole | ReEpoe MeV | ImEpoe MeV R. sheet
1 639.6 -323.9 (= =)
1 511.4 -230.6 (=) 11
2 982.0 -36.9 (= +): 11
2 432.4 -8.4 (=,=):
3 1431.7 -79.3 (=, —):
3 1394.9 -120.6 (= +): 1l

ki + ko

Hka) elementu macierzowego
Dokt A Graba linia
\ spragionych 77 i KK .

Gruba linig
ny

-0.5

-1
-1.5

.23




More than 2 channels

» more poles and more Riemann sheets (2")

» no similar "z" variable



2" Riemann sheets for n channels

channel c=0 C=1 sign sheet
ReE ImE ReE ImE ImKkx , ImKy , Imks
564 | -279 —— Vi
518 -261 -+, + 1
T 658 | -607 | 211 0 — 4, - Vil
532 -315 ,—+ n
235 0 +,4,— Vil
1405 | -74 =, Vi
o 1346 | -275 | 1445 | -116 — 4.+ I
1424 | -94 — 4, = Vil
1456 | -47 — =+ 1l
170 0 NE——— v
159 0 S Vi
KK 881 -498 | 418 -10 - =+ 1]
1038 | -204 s+, — Vil
988 -31 -+ + Il
4741 | -4688 =, Vi
3687 | -2875 -+, Vil
oo 118 | -2227 | 3626 | -3456 +, -, Y%
3533 | -579 +, 4, — Vi




Puzzling (J/) SO wave 77 cross section

2

10 T T T T T
£,(600)/c
£,(1370)
—
o
g’ 10' - B
E
13
o)
f (980)
0 \ f (1500)
! ! ! | l l

400 600 800 1000 1200 1400 1600
m__ (MeV)
T



2" Riemann sheets for n channels

channel c=0 Cc=1 sign sheet
ReE ImE ReE ImE Imkx , Imky, Imks
564 | -279 R Vi
518 | -261 — 4+, + Il |k f(500)
e 658 | -607 | 211 0 -4, = Vil
532 | -315 — =+ Il
235 0 +,+,— Vil
1405 | -74 I VI | £(1370)?
e 1346 | -275 | 1445 | -116 -+, + I
1424 | -94 — 4, = Vil
1456 | -47 - =+ N k- f(1500)?
170 0 +, -, - v
159 0 S VI
KK 881 -498 | 418 -10 ,— + Il
1038 | -204 vt — Vil
988 -31 — +,+ I (980)
4741 | -4688 ., Vi
3687 | -2875 ,+, Vil
oo 118 | -2227 | 3626 | -3456 +,— = %
3533 | -579 +,+,— VIl
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Gounaris-Sakurai pion EM FF and p(770)

Gounaris-Sakurai pion electromagnetic form factor at the elastic region.

What are the correct p(770) meson mass and width values?
Erik Barto$§, Stanislav Dubni€ka, Andrej Liptaj Anna Zuzana Dubnitkova and RK
PRD 96, 113004 (2017)

ma?(0) i m?
ete™ — -) = S(s)|FEMI=1(g) + Rel¥ — w0
0'10[( T ) 3s ﬂﬂ'( ) ™ ( )+ ms;_s_imwrw
where pion "velocity" 3, (s) = S’imi , R - amplitude for p — w interference (free
parameter), phase ¢ = ArcTan mgirrgz is the 6] = 6, fixed at s = m2,

oM

Fit to data for oyi(eT€™ — nta™)
- M. Ablikin et al. (BESIII Collaboration), Phys. Lett. B 753, 629 (2016).
- J. P. Lees et al. (BABAR Collaboration), Phys. Rev. D 86, 032013 (2012).



Gounaris-Sakurai pion electromagnetic form factor

G. J. Gounaris and J. J. Sakurai, Phys. Rev. Lett. 21, 244 (1968)

Assumption: q—SCotgé} (s) = a+ bg? + h(s)q? where h(s) = 2\‘7/ Log( f+2q)
Then FG8(s) = Fa W no direct dependence on p(770) parameters,
however taking into account two conditions:

> Coz‘gé}(s)’s_m2 =0and
s

> 1
> FBW(q) _ my 1) — mely ., d5i(s) — 1
F=7(s) mifsfimprp_>51(s) AmTanmﬁfsﬁ s Js=mz  Molp
r

+4q4h’(m

p— _ 4 _ 4gih (m2) — h(m2)

2
m2r,

a=

m2F

> am2 mp+2ma, m,  mm,
m +mprp [—” Iog(72m7r )+72m7p - :q?)

(m—s)+7, ¢ [qZ(h() h(ri f,))+q,%h’(mﬁ)(mi—s)]fimprp(%)3

FE8(s) =

S



in Ref. [6].

Now, the p°(770) meson parameters will be determined ~ Wher
by an application of the U&A model of the pion EM FFto  and J
an optimal description of the same data on the total cross  meso

section of the e"e™ — 772~ process. If
squar
T
X . 10° ﬁm‘\ |
Fit to unified BESIII-BABAR data at the F \ 1 whic
elastic region using G-S model ] ther
> 2 = 40.6 pdf Pl 1
> m, = (775.73 £ 0.10) MeV ’%m?; E
> I, =(126.51 £0.13) MeV F —— GS model ] "
1 Besm 4 en
> PDG’2017: B b s
m, = 775.26 + 0.25 MeV (from N :
e+67 N 7.r+7r*) 0 0.2 04 ”gfvz] 0.8 1 1.2 0
W
mp = 769.0 = 0.9 MeV (othen) FIG.2. Optimal description of the unified BESII-BABAR data At
on 6 (ete” — ztx7) at the elastic region by the pion EM FF lmro“
rp = 147.8 4+ 0.9 MeV (from G.-S. model. leadi

ete™ - ntr7)

I, =150.9 £ 1.7 MeV (other)

113004-3



Fit to unified BESIII-BABAR data at the
elastic region using U&A model

>

>

v

M2 fomn /1,
Fv‘r/DM(s) — pmp%—s [

VDM _ (i=9p)(i+9p)
F==(q) = (qqu)(qﬂipp)fP”/f”
FYoM(q) =
(Q—qZ)(i—qp)(i—qp)(qu)f /f
(a—ap)(i—az)(g—ap)(a+gp) P77/ P

X2 = 1.54 pdf
m, = (763.03 £ 0.14) MeV
r, = (144.8 + 0.23) MeV

The optimal description of the recent data [1,2] on the into (

total cross section of the ete™ — z7z~ process at the

obtai

region of the p meson resonance by (21) (see Fig. 3), linea
achieved with y?/ndf = 1.5443, gives the p meson mass  root-

and width

GSL
— 16
o 4
107 E 14
: : 121
Tt L ] 10
i
‘I. £ 8
° 10t = ©
g L E 6
L —— AVMD model 7]
[ T Besm ] 4
L { BaBar ] 2
(
L4 Y U B VI B
0.2 ¥ X 0.8 12
t[GeV?

FIG. 3. Optimal description of the unified BESIII-BABAR data FIG.
on oy (ete” — x'x7) at the elastic region by the pion EM FF P-way

U&A model.

effect

113004-4



Fit to 511 data using Chew-Mandelstam
type effective-range formula

>

v

4L 1(s) — 2 2
\/ECotg61( ) = a+ bg= + h(s)q
where h(s) = 2\‘7/ Log( ‘ﬁfzq)

a=0.2860 + 0.0011 MeV?,
b= —2.7025 £+ 0.0089

X2 = 2.45 pdf
m, = (772.42 £ 0.03) MeV
r, =(153.85+0.11) MeV

ai(t)

160

140 [

120

100

80

60

40

20 |

—— Chew-Mandelstam

{ GKPY

il

il

i

P T N

o



Fit to 51 data

>

v

F‘,EMJ:1 (S) _

)
Pn(s)exp ;/ s’(sfi)s ds/]
4

1 _ A3 +Asq°+...
9 (@)= ArCTan1+A2q2+A4q4+...

— (9—92)(9—93)(9—94)(9—3s5)
= Logtg=aa—a oo a a0

2 = 0.024 pdf
m, = (763.56 & 0.51) MeV
I, = (143.09 £ 0.82) MeV

o! = ,«é 26
@) = aretg e ad T (26)

where A; =0 in order to secure the threshold behavior
of 81(¢). An optimal description of the GKPY phase
shift 8}(g) data is achieved (see Fig. 5) with y?/ndf =
0.0244 and four nonzero coefficients A,, As, Ay,
and As.

D B EE s B N

14

5

124

3
8 B8

!
At
®
3

T T T T T T T

—— Dubnicka et al.

} GKPY

|
0.4 0.6 08 1
t[GeV?]

o

FIG. 5. Optimal description of the most accurate up-to-now
P-wave isovector 77 scattering phase shift 5} (#) data with model-
independent parametrization (26).
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Generalisation of Gounaris-Sakurai
model to excited p mesons
p(1450) and p(1700)

— 1 GS
> Fr = [":;;(770)(5)<1 +
b BW..(5)) + BFGSy50)() +
7F£§7OO)(S)]

> 2 = 0.98 pdf

Generalisation of U&A model to excited

p mesons

_ N(g—q))
> Fr = o)

> 2 = 1.84 pdf

ERIK BARTOS et al.

10° —— GS model E

{ BaBar |

10 1 E|

1 Besm E

0 4
EOE 3
'? F 3
o TE 3
 F El
S 100 =
102 3
0 E

0 1 2 3 6 7 8 9

4 5
t[GeV?]

FIG. 6. Optimal description of the unified BESIII-BABAR
complete data on o, (eTe” — n777) by the generalized pion
EM FF G.-S. model.

determined by the original pion EM FF G.-S. model (13) to
be valid only at the elastic region.

A totally different situation is in a generalization of the
U&A pion EM FF model. Here, the contribution of all three
vector mesons is at an equal level. Only now, the effective
inelastic threshold, which is left as a free parameter of the
model, has to be taken into account explicitly. Therefore,
instead of the ¢ variable, the W variable

e w1\ M STy w37 \/vxr

TABI

is no
U&A
surfa

Th
of all



Parameter

PDG MeV

G.S. MeV

U&A MeV

mp
mp/

Fp

775.26 £ 0.25
1465.00 + 25.00
1720.00 + 20.00

149.10 £+ 0.80
400.00 £ 60.00
250.00 £+ 100.00

774.81 £ 0.01
1497.70 + 1.07
1848.40 + 0.09
149.22 £+ 0.01
442,15 £ 0.54
322.48 £+ 0.69
0.98
14 param.

763.88 + 0.04
1326.35 + 3.46
1770.54 + 5.49
144.28 £+ 0.01
324.13 £ 12.01
268.98 £ 11.40
1.84
11 param.

WHAT ARE THE CORRECT p°(770) MESON MASS ...
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Experimental data for the =7 in the SO wave (JI)

In PWA (CERN-Munich group’74) A(s, t) ~ Cos(fs — 0p)
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Dispersion relations with imposed crossing symmetry
condition for 7r7r interactions theory <— experiment
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crossing symmetry: S>>< — Ts(s, t) = Cq Ti(t, 5)
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Dispersion relations with imposed crossing symmetry
condition for 7r7r interactions theory <— experiment

™ T

crossing symmetry: 5>>< — Ts(s, 1) = Cs Ti(t, 5)
|
t

™ T

T(s, t) + crossing symmetry — dispersion relations for 4m2 < s < ~ (1150 MeV)?

Once subtracted dispersion relations ("GKPY" for the S and P waves):

1(OUT) /(IN)
Re t/(?V)(s) = c” !+ Z Z ][ as'Kll, (s, 8') Im tl;

=0¢/=0

(s')

am2

s

ag - subtraction constant = 7_';(3 = 4m2,t = 0) - scattering lengths from only S wave

due to Re t!(k) = k?(a), + bLk? + O(k*)) Re t?T(s) = Re t{™(s) = 0




GKPY equations and == amplitudes

partial waves: J/

experiment

F1 D2

S0 DO

S2 P1



GKPY equations and == amplitudes

partial waves: J/

experiment + theory (GKPY)
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Experimental data for the =7 in the SO wave (JI)

In PWA (CERN-Munich group’74) A(s, t) ~ Cos(fs — 0p)
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what forces GKPY eqs to pull up-left the sigma pole?
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Two things: trigonometry and crossing symmetry

algebra lead to narrower and lighter o.
Modified == amplitude with o pole PRD 90, 116005 (2014) P. Bydzovsky, 1, R.
Kaminski, V. Nazari

Nothing more and nothing instead of it is needed.
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Resonance is near the threshold

1976 S. M. Flatté analyses the 7 and the KK coupled channel systems

Mg+/To;
A~ AV_071 i=1

M’,% —E2 - iMH(ﬂ + rg)7

2.

)

I = giki and [y = g1q with g = ki (2mk). So THREE free parameters: Mg, g1, go.

ko = kpcoton — iky

1 1 > 1
kpeotdo 2 H ok — T =77 5
a 2 2

where ais the scattering length and r is the effective range (both real).
Two channel case: A and R are complex so FOUR free parameters

1 : 1
Too= - (e?2 1) — Tpp= — — .
2iky Y —iko+ 3 RKE
11 2i
A=—i(—+ ), A=
1 22 Z1+ 22

where z; and z, are zeroes of the S,, matrix element and are related with resonance.
Flatte approach: ImR = 0 so Rez; = —Rez,




For a5(980)

L. Le$niak, AIP Conf.Proc. 1030 (2008) 238
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D° — KJK™K~ decays

BaBaR: PRD 78, 034023 (2008) —+

Our model (temporary results):
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D° — KJK™K~ decays

PRD 78, 034023 (2008) (BABAR)
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D° — KJK™K~ decays

BABAR analysis:

isobar model with 5 resonances: a0(980) ap(1450), f,(1370), ¢$(1020) and £(1270) +
their charge "twins": Awr(m) = 3, a,€/*r A-(m) + ayge®nr

Single-wave unitary analysis (our - DKLL model):
Quasi-two-body factorization: Ast(m) =
with unitary So(m), S4-(m), S—(m), Po(m), Dy(m) components

PRD 78, 034023 (2008) (BABAR):

So(m) 4 S+(m) + S—(m) + Po(m) + Do(m)

Component ar ¢r (deg) Fraction (%)
0a,(980)° 1 0 55.8
Kg¢> 1020) 0.227 £+ 0.005 —56.2+1.0 44.9
Kgfo (1370) 0.04 £0.06 —2+80 0.1
Kgfz (1270) 0.261 £+ 0.020 —9+6 0.3
Kgao 1450)° 0.65+0.09 —95+10 12.6
K a0(980)F 0.562 +0.015 179+3 16.0
K~ ay(1450)* 0.84 + 0.04 97 +4 21.8
KT a5(980)~ 0.118 £ 0.015 138+ 7 0.7

Sum of fractions, x? and free parameters:

BABAR: 152.2%, y2
Our model: ~ 130%, y2

= 1.1pdf, 14 free parameters
~ 1.2pdf, 16 free parameters



Conclusions and what to do?

> Let’s start analysis using S-matrix approach,
» always determine what definition of "resonance" we use,

» in case of resonances close to the threshold one has to
specify what pole we use (on what Riemann sheet),

» Flatte approximation can be insufficient,

» for amplitudes with more than two channel one needs
precise analysis of all poles especially when they are near
the threshold,

» unitary amplitudes in wide energy range are quite simple
and work well, please use them!



