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Resonances



Resonances: Breit-Wigner (BW) approximation:
Ampl = C

MBW−E−iΓBW /2 , δ = ArcTan( Γ/2
MBW−E ), σ = C2

(MBW−E)2+Γ2/4



Complex momentum and energy space frame
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One channel scattering

I S(k) = D(−k)
D(k)

= e2iδ , |S(k)| = 1

I D(k) = (k − kj )

I D(−k) = (−k − kj )

I But |S(k)| 6= 1 so
I D(k) = (k − kj )(k + k∗j )

I D(−k) = (−k − kj )(−k + k∗j )

I then |S(k)| = 1
I and δ = (−α− β + γ + ω)/2

angle = ArcTan(
−Imkj

k−Rekj
)



Unitarity of Breit Wigner approximation

I BW (E) = Γ/2k
MBW−E−iΓ/2

I σ`(E) = 4π(2`+ 1)|BW (E)|2 = π
k2 (2`+ 1) Γ2

(MBW−E)2+Γ2/4

I BW (E) = SBW (E)−1
2ik

I SBW (E) = MBW−E+iΓ/2
MBW−E−iΓ/2

I Defining Ej = MBW − iΓ/2 we get

I SBW (E) =
E−E∗j
E−Ej

and

I because E =
√

(±k)2/4 + m2 there are two poles and two
zeroes and

I |SBW (E)| = 1
I so Breit Wigner approximation is unitary!!!
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Limit of SBW (E) and S(k) at the threshold

Let’s check δ and σ ∼ |S−1
2ik |

2 at E −→ 2m

then:

I S(k) −→ −kj∗kj
−kj∗kj

and δ(k) −→ 0
also σ(k) −→ 0

I SBW (E) −→
2m−E∗j
2m−Ej

and δ(E) −→ ArcTan( Γ/2
MBW−2m ) 6= 0

also σ(E) 6= 0



Pole and mass of a resonance
I Let’s have good BW fit to the data→ mass E = MBW at δ = 90o

I Let’s fit amplitude ASnotU
to the same data. ASnotU

has a
single pole at kj = a− ib then δ = ArcTan( −b

k−a ) + ArcTan( b
−k−a ) and

MBW 6= 2
√

a2 + m2, additionally |S| 6= 1
I Let’s fit amplitude ASU

to the same data. ASU
has a

two symmetric poles at kj = a− ib and k = −a− ib then

δ = ArcTan( 2bk
k2−a2−b2 ) + ArcTan( −2bk

−k2−a2−b2 ) and again

MBW 6= 2
√

a2 + m2, but now |S| = 1

Let’s check it for ρ(770):
MBW = 775.26± 0.25 MeV (PDG’2016),
Γ = 149.1± 0.8 MeV (PDG’2016),
2
√

a2 + m2 < MBW by ≈ 9 MeV !!!

Left (upper) line:
ABW fitted to the data

Right (lower) line:
AS fitted to the data with 2

√
a2 + m2 = MBW
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First three remarks

(for one channel and one resonance only!)

1. Breit Wigner approximation is unitary

2. Breit Wigner approximation works well only for single
resonances and not far from their maximum

3. Positions of poles and Breit Wigner masses are not the
same!

bigger Γ⇒ bigger difference between Re(Epole) and MBW



More resonances (but still one channel)

Adding resonances (for simplicity two resonances, both with
S = e2iδ):

I Isobar model: adding amplitudes (even unitary ones)
violates unitarity:
T1,2 = T1 + T2 = S1−1

2ik + S1−1
2ik → S1 + S2 = e2iδ1 + e2iδ2

of course |S1 + S2| 6= 1,
I Product of S matrices: |S1S2| = 1 in elastic case and
|S1S2| < 1 in inelastic case (S = ηe2iδ)
For example S1,2 =

(−k−k1)(−k+k∗1 )(−k−k2)(−k+k∗2 )

(k−k1)(k+k∗1 )(k−k2)(k+k∗2 )

Of course T1,2 =
S1,2−1

2ik
I Sum of K matrices: S = 1 + 2iT = (1 + iK )/(1− iK ) does

noit violate unitarity, for example T1,2 = 1
k

K1+K2
1−iK1−iK2
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More channels: k2 = ±
√

k2
1 + m2

1 −m2
2

(Im(k1), Im(k2)): (+,+), (-,+) .... 1 pole −→ 2(n−1) poles (n-number of channels)
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Multiplication and displacement of S matrix poles

I Multiplication:

2n Riemann sheets

1 pole −→ 2n−1 poles due to (±k)2 ambiguity and

I Displacement:

S11 = D1(−k1)D2(k2)
D1(k1)D2(k2)

in decoupled case

S = D1(−k1)D2(k2)+C(−k1,k2)
D1(k1)D2(k2)+C(k1,k2)

in coupled case

S =

(
ηe2iδ1 i

√
1− η2ei(δ1+δ2)

i
√

1− η2ei(δ1+δ2) ηe2iδ2

)
=

( D(−k1,k2)
D(k1,k2)

S12

S21
D(k1,−k2)
D(k1,k2)

)

where S2
12 = S2

21 = S11S22 −
D(−k1,−k2)

D(k1,k2)
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Example for two channels: JI = S0 wave



Example for two channels: JI = S0 wave
Pole ReEpole MeV ImEpole MeV R. sheet

1 639.6 -323.9 (−,−) : III
1’ 511.4 -230.6 (−,+) : II
2 982.0 -36.9 (−,+) : II
2’ 432.4 -8.4 (−,−) : III
3 1431.7 -79.3 (−,−) : III
3’ 1394.9 -120.6 (−,+) : II

z =
k1 + k2√
m2

K −m2
π

Rysunek 16: Polo_zenie biegunow (krzy_ze) i zer (kolka) elementu macierzowego
S11 macierzy rozpraszania dla dopasowania do zestawu DCKM A. Gruba linia ciagla
oznacza obszar zyczny rozpraszania w kanalach sprze_zonych  i KK . Gruba linia
przerywana przedstawione jest polo_zenie ciec funkcji Josta. Cienka linia zaznaczony
jest okrag jzj = 1. Numeracja poszczegolnych platow i biegunow zostala wyjasniona
w tekscie.
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W dwukanalowym modelu oddzialywan  i KK ka_zdemu miejscu ze-
rowemu jednej z funkcji D(z) lub DK(z) odpowiada jedna para biegunow
macierzy S, co zwiazane jest z dwoma mo_zliwosciami wyboru znaku pedu

ki =
q
k2j +m2

j m2

i (i; j = 1; 2; i 6= j). Dla zerowego sprze_zenia miedzy

kanalamiD(z) = D(z)DK(z) i wtedy bieguny danej pary sa scisle symetryczne
w przestrzeni zespolonej zmiennej z wzgledem transformacji z ! 1=z (jesli
biegun wystepuje w kanale  ) lub wzgledem transformacji z ! 1=z (dla
bieguna w kanale KK ). W przypadku niezerowego sprze_zenia funkcja C(z)
odpowiadajaca czlonowi funkcji Josta zdeniowanemu wzorem II.29 nie jest
rowna zeru. Skutkiem tego opisana symetria nie jest zachowana, jednak,
ze wzgledu na wystepujace we wszystkich znalezionych rozwiazaniach male

71
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W dwukanalowym modelu oddzialywan  i KK ka_zdemu miejscu ze-
rowemu jednej z funkcji D(z) lub DK(z) odpowiada jedna para biegunow
macierzy S, co zwiazane jest z dwoma mo_zliwosciami wyboru znaku pedu

ki =
q
k2j +m2

j m2

i (i; j = 1; 2; i 6= j). Dla zerowego sprze_zenia miedzy

kanalamiD(z) = D(z)DK(z) i wtedy bieguny danej pary sa scisle symetryczne
w przestrzeni zespolonej zmiennej z wzgledem transformacji z ! 1=z (jesli
biegun wystepuje w kanale  ) lub wzgledem transformacji z ! 1=z (dla
bieguna w kanale KK ). W przypadku niezerowego sprze_zenia funkcja C(z)
odpowiadajaca czlonowi funkcji Josta zdeniowanemu wzorem II.29 nie jest
rowna zeru. Skutkiem tego opisana symetria nie jest zachowana, jednak,
ze wzgledu na wystepujace we wszystkich znalezionych rozwiazaniach male
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For two channels: TWO POLES 2 and 2’ (f0(980))
2: 982.0-i*36.9 2’: 432.4-i*8.4 both 2 and 2’

0.4 0.6 0.8 1.0 1.2 1.4 1.6

0

50

100

150

m
ππ

 (GeV)

δ
0

0

0.4 0.6 0.8 1.0 1.2 1.4 1.6

0.0

0.2

0.4

0.6

0.8

1.0

m
ππ

 (GeV)

|A
|2



For two channels: TWO POLES 1 and 1’ (f0(500))
1: 639.6-i*323.9 1’: 511.4-i*230.6 both 1 and 1’
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Example for two channels: J0 = S0 wave
Pole ReEpole MeV ImEpole MeV R. sheet

1 639.6 -323.9 (−,−) : III
1’ 511.4 -230.6 (−,+) : II
2 982.0 -36.9 (−,+) : II
2’ 432.4 -8.4 (−,−) : III
3 1431.7 -79.3 (−,−) : III
3’ 1394.9 -120.6 (−,+) : II

z =
k1 + k2√
m2

K −m2
π

Rysunek 16: Polo_zenie biegunow (krzy_ze) i zer (kolka) elementu macierzowego
S11 macierzy rozpraszania dla dopasowania do zestawu DCKM A. Gruba linia ciagla
oznacza obszar zyczny rozpraszania w kanalach sprze_zonych  i KK . Gruba linia
przerywana przedstawione jest polo_zenie ciec funkcji Josta. Cienka linia zaznaczony
jest okrag jzj = 1. Numeracja poszczegolnych platow i biegunow zostala wyjasniona
w tekscie.
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W dwukanalowym modelu oddzialywan  i KK ka_zdemu miejscu ze-
rowemu jednej z funkcji D(z) lub DK(z) odpowiada jedna para biegunow
macierzy S, co zwiazane jest z dwoma mo_zliwosciami wyboru znaku pedu

ki =
q
k2j +m2

j m2

i (i; j = 1; 2; i 6= j). Dla zerowego sprze_zenia miedzy

kanalamiD(z) = D(z)DK(z) i wtedy bieguny danej pary sa scisle symetryczne
w przestrzeni zespolonej zmiennej z wzgledem transformacji z ! 1=z (jesli
biegun wystepuje w kanale  ) lub wzgledem transformacji z ! 1=z (dla
bieguna w kanale KK ). W przypadku niezerowego sprze_zenia funkcja C(z)
odpowiadajaca czlonowi funkcji Josta zdeniowanemu wzorem II.29 nie jest
rowna zeru. Skutkiem tego opisana symetria nie jest zachowana, jednak,
ze wzgledu na wystepujace we wszystkich znalezionych rozwiazaniach male
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More than 2 channels

I more poles and more Riemann sheets (2n)

I no similar "z" variable



2n Riemann sheets for n channels

channel C = 0 C = 1 sign sheet
ReE ImE ReE ImE Imkπ , ImkK , Imk3

564 -279 −,−,− VI
518 -261 −,+,+ II

ππ 658 -607 211 0 −,+,− VII
532 -315 −,−,+ III
235 0 +,+,− VIII
1405 -74 −,−,− VI

ππ 1346 -275 1445 -116 −,+,+ II
1424 -94 −,+,− VII
1456 -47 −,−,+ III
170 0 +,−,− V
159 0 −,−,− VI

K K̄ 881 -498 418 -10 −,−,+ III
1038 -204 −,+,− VII
988 -31 −,+,+ II
4741 -4688 −,−,− VI
3687 -2875 −,+,− VII

σσ 118 -2227 3626 -3456 +,−,− V
3533 -579 +,+,− VIII



Puzzling (JI) S0 wave ππ cross section



2n Riemann sheets for n channels

channel C = 0 C = 1 sign sheet
ReE ImE ReE ImE Imkπ , ImkK , Imk3

564 -279 −,−,− VI
518 -261 −,+,+ II

ππ 658 -607 211 0 −,+,− VII
532 -315 −,−,+ III
235 0 +,+,− VIII
1405 -74 −,−,− VI

ππ 1346 -275 1445 -116 −,+,+ II
1424 -94 −,+,− VII
1456 -47 −,−,+ III
170 0 +,−,− V
159 0 −,−,− VI

K K̄ 881 -498 418 -10 −,−,+ III
1038 -204 −,+,− VII
988 -31 −,+,+ II
4741 -4688 −,−,− VI
3687 -2875 −,+,− VII

σσ 118 -2227 3626 -3456 +,−,− V
3533 -579 +,+,− VIII

← f0(500)

← f0(1370)?

← f0(1500)?

← f0(980)
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Gounaris-Sakurai pion EM FF and ρ(770)

Gounaris-Sakurai pion electromagnetic form factor at the elastic region.

What are the correct ρ(770) meson mass and width values?
Erik Bartoŝ, Stanislav Dubniĉka, Andrej Liptaj Anna Zuzana Dubniĉkova and RK
PRD 96, 113004 (2017)

σtot (e+e− → π+π−) =
πα2(0)

3s
β3
π(s)

∣∣∣∣F EM,I=1
π (s) + Reiφ m2

ω

m2
ω − s − imωΓω

∣∣∣∣2
where pion "velocity" βπ(s) =

√
s−4m2

π
s , R - amplitude for ρ− ω interference (free

parameter), phase φ = ArcTan mρΓρ
m2
ρ−m2

ω
is the δ1

1 = δρ fixed at s = m2
ω

Fit to data for σtot (e+e− → π+π−)
- M. Ablikin et al. (BESIII Collaboration), Phys. Lett. B 753, 629 (2016).
- J. P. Lees et al. (BABAR Collaboration), Phys. Rev. D 86, 032013 (2012).



Gounaris-Sakurai pion electromagnetic form factor

G. J. Gounaris and J. J. Sakurai, Phys. Rev. Lett. 21, 244 (1968)

Assumption: q3
√

s
Cotgδ1

1(s) = a + bq2 + h(s)q2 where h(s) = 2q
π
√

s
Log

(√
s+2q

2mπ

)
Then F GS

π (s) =
√

s
q3

1
Cotgδ1

1(s)−i
- no direct dependence on ρ(770) parameters,

however taking into account two conditions:

I Cotgδ1
1(s)

∣∣∣
s=m2

ρ

= 0 and

I F BW
π (s) =

m2
ρ

m2
ρ−s−imρΓρ

→ δ1
1(s) = ArcTan mρΓρ

m2
ρ−s
→ dδ1

1(s)

ds

∣∣∣
s=m2

ρ

= 1
mρΓρ

a =
4q5
ρ

m2
ρΓρ

+ 4q4
ρh′(m2

ρ)

b = −
4q3
ρ

m2
ρΓρ
− 4q4

ρh′(m2
ρ)− h(m2

ρ)

F GS
π (s) =

m2
ρ+mρΓρ

[
3m2
π

πq2
ρ

log
(mρ+2mqρ

2mπ

)
+

mρ
2πqρ

−m2
πmρ
πq3
ρ

]
(m2
ρ−s)+Γρ

m2
ρ

q3
ρ

[
q2
(

h(s)−h(m2
ρ)
)

+q2
ρh′(m2

ρ)(m2
ρ−s)

]
−imρΓρ

(
q

qρ

)3 mρ√
s



Fit to unified BESIII-BABAR data at the
elastic region using G-S model

I χ2 = 40.6 pdf
I mρ = (775.73± 0.10) MeV
I Γρ = (126.51± 0.13) MeV
I PDG’2017:

mρ = 775.26± 0.25 MeV (from

e+e− → π+π−)

mρ = 769.0± 0.9 MeV (other)

Γρ = 147.8± 0.9 MeV (from

e+e− → π+π−)

Γρ = 150.9± 1.7 MeV (other)

FBW
π ðtÞ ¼ m2

ρ

m2
ρ − t − imρΓρ

; ð8Þ

describing quite well a characteristic bump corresponding
to the elastic ρ0ð770Þ resonance. On the base of (8), the
relations

tgδ11ðtÞ ¼
mρΓρ

m2
ρ − t

⇒ δ11ðtÞ ¼ arctg
mρΓρ

m2
ρ − t

ð9Þ

can be written, and from there, the second natural condition

dδ11ðtÞ
dt

����
t¼m2

ρ

¼ 1

mρΓρ
ð10Þ

is found for the relation (2). The relations (7) and (10) give
two equations for two unknown constants a and b in (2),
and their solutions

a ¼ 4q5ρ
m2

ρΓρ
þ 4q4ρh0ðm2

ρÞ ð11Þ

b ¼ −
4q3ρ
m2

ρΓρ
− 4q2ρh0ðm2

ρÞ − hðm2
ρÞ ð12Þ

are expressing FGS
π ðtÞ through mρ and Γρ as follows:

FGS
π ðtÞ ¼

m2
ρ þmρΓρ

�
3
π
m2

π

q2ρ
ln
�
mρþ2qρ
2mπ

�
þ mρ

2πqρ
− m2

πmρ

πq3ρ

�

ðm2
ρ − tÞ þ Γρ

�
m2

ρ

q3ρ

�
ðq2ðhðtÞ − hðm2

ρÞÞ þ q2ρh0ðm2
ρÞðm2

ρ − tÞÞ − imρΓρ

�
q
qρ

�
3 mρffiffi

t
p
: ð13Þ

The application of the formula (13) to an optimal descrip-
tion of the unified BESIII-BABAR data at the elastic region
(see Fig. 2) with χ2=ndf ¼ 40.6341 gives parameters

mρ ¼ ð775.73Æ 0.10Þ MeV

Γρ ¼ ð126.51Æ 0.13Þ MeV ð14Þ

different (especially the width) from the parameter values
in Ref. [6].
Now, the ρ0ð770Þ meson parameters will be determined

by an application of the U&A model of the pion EM FF to
an optimal description of the same data on the total cross
section of the eþe− → πþπ− process.

Here, the pion EM FF model contains the right-hand
unitary cut in the t plane and also a contribution of the
left-hand cut from the second Riemann sheet. To obtain its
explicit form, one starts from the standard VMD repre-
sentation for the ρ meson,

FðVMDÞ
π ðtÞ ¼ m2

ρðfρππ=fρÞ
m2

ρ − t
; ð15Þ

where fρππ is the ρ0ð770Þ meson two-pion decay constant
and fρ is the universal ρ meson constant determining the ρ
meson lepton width.
If we take into account the relation for total energy

squared in the c.m. system

t ¼ 4ðq2 þ 1Þ; ð16Þ

which is inverse to (4) (mπ ¼ 1), and, further, denote
the normalization point t ¼ 0 at the q plane by qN ¼ i
and the position of the ρ meson by tρ0 (the 0 means
Γρ ¼ 0), while

m2
ρ ¼ 4ðq2ρ0 þ 1Þ; ð17Þ

then the expression (15) can be transformed into the form

FðVMDÞ
π ðqÞ ¼ ðqN − qρ0ÞðqN − qρ̄0Þ

ðq − qρ0Þðq − qρ̄0Þ
ðfρππ=fρÞ; ð18Þ

with qρ̄0 ¼ −qρ0.
At this moment, we are in a competent position to

introduce Γ≠0 into (18) by the relation tρ ¼ ðmρ − iΓ=2Þ2,
leading to the interchange
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FIG. 2. Optimal description of the unified BESIII-BABAR data
on σtotðeþe− → πþπ−Þ at the elastic region by the pion EM FF
G.-S. model.
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Fit to unified BESIII-BABAR data at the
elastic region using U&A model

I F VDM
π (s) =

m2
ρ fρππ/fρ
m2
ρ−s

I F VDM
π (q) =

(i−qρ)(i+qρ)

(q−qρ)(q+qρ)
fρππ/fρ

I F VDM
π (q) =

(q−qZ )(i−qP )(i−qρ)(i+qρ)

(q−qP )(i−qZ )(q−qρ)(q+qρ)
fρππ/fρ

I χ2 = 1.54 pdf
I mρ = (763.03± 0.14) MeV
I Γρ = (144.8± 0.23) MeV

qρ0 ⇒ qρ ¼ ½½ðmρ − iΓρ=2Þ2 − 4�=4�12; ð19Þ

and, as a consequence of the latter, the pole corresponding
to the ρmeson is shifted from the real axis into the complex
region of the second sheet of the Riemann surface. As a
result, the U&A pion EM FF model

FEM;I¼1
π ðqÞ ¼ ðqN − qρÞðqN − qρ̄Þ

ðq − qρÞðq − qρ̄Þ
ðfρππ=fρÞ ð20Þ

is obtained, which retains the normalization and asymptotic
behavior of the VMD model.
However, the form (20) does not contain a contribution

of the left-hand cut, which has been shown to be important
[9,10] in a description of the pion EM FF data.
For its incorporation into (20) the well-known proper-

ties of Pade-type approximations to simulate the cut
contribution by a set of alternating poles and zeros on
his position are used, and we multiply the right-hand side
of (20) by a normalized factor consisting of one pole and
one zero, which have shown to be sufficient to substitute
for the left-hand cut contribution to the pion EM FF
behavior. Then, finally, the pion EM FF U&A model at
the elastic region is

FEM;I¼1
π ðqÞ ¼ ðq − qZÞðqN − qPÞ

ðq − qPÞðqN − qZÞ
ðqN − qρÞðqN − qρ̄Þ
ðq − qρÞðq − qρ̄Þ

× ðfρππ=fρÞ: ð21Þ

The optimal description of the recent data [1,2] on the
total cross section of the eþe− → πþπ− process at the
region of the ρ meson resonance by (21) (see Fig. 3),
achieved with χ2=ndf ¼ 1.5443, gives the ρ meson mass
and width

mρ ¼ ð763.026Æ 0.136Þ MeV

Γρ ¼ ð144.800Æ 0.233Þ MeV; ð22Þ

which differ from (14) and also from the values in
Ref. [6].
Which of the values (14) or (22) is more likely correct?

For the solution of this problem, in the next section, themost
accurate up-to-now P-wave isovector ππ scattering phase
shift δ11ðtÞ data at the elastic regionwith theoretical errors, to
be generated from the existing inaccurate experimental
information by the GKPY Roy-like equations with an
imposed crossing symmetry condition [3], are exploited.

III. ρ0ð770Þ MESON MASS AND WIDTH VALUES
DETERMINED FROM δ11ðtÞ DATA

The ρ0ð770Þ meson parameters can be found also by
exploiting (independently from the data on the total cross
section of the eþe− → πþπ− process) the data on δ11ðtÞ.
First, with this aim, the effective-range formula of the

Chew-Mandelstam type (2), which appears to be the basis
of the pion EM FF G.-S. model, will be used. The effective
range formula contains two unknown parameters, a and b.
The numerical values

a ¼ 0.2860Æ 0.0011

b ¼ −2.7025Æ 0.0089 ð23Þ

are evaluated in a fitting procedure of the data in Table I (see
Fig. 4) with χ2=ndf ¼ 2.4499. Substitution of this numbers
into (11) and (12) two nonlinear equations formρ and Γρ are
obtained. Numerical solutions of these equations (the non-
linear system of equations was solved by multidimensional
root-finding algorithm with the hybrid version based on
GSL [11]) give the rho meson mass and width values
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FIG. 3. Optimal description of the unified BESIII-BABAR data
on σtotðeþe− → πþπ−Þ at the elastic region by the pion EM FF
U&A model.
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FIG. 4. Optimal description of the most accurate up-to-now
P-wave isovector ππ scattering phase shift δ11ðtÞ data with the
effective-range formula of the Chew-Mandelstam type (2).
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Fit to δ1
1 data using Chew-Mandelstam

type effective-range formula

I q3
√

s
Cotgδ1

1(s) = a + bq2 + h(s)q2

where h(s) = 2q
π
√

s
Log

(√
s+2q

2mπ

)
I a = 0.2860± 0.0011 MeV2,

b = −2.7025± 0.0089
I χ2 = 2.45 pdf
I mρ = (772.42± 0.03) MeV
I Γρ = (153.85± 0.11) MeV



Fit to δ1
1 data

I F EM,I=1
π (s) =

Pn(s)exp
[ s
π

∞∫
4

δ1
1(s′)

s′(s′ − s)
ds′
]

I δ1
1(q) = ArcTan A3q3+A5q5+...

1+A2q2+A4q4+...

I ≡ Log (q−q2)(q−q3)(q−q4)(q−q5)
(q−q∗2 )(q−q∗3 )(q−q∗4 )(q−q∗5 )

I χ2 = 0.024 pdf
I mρ = (763.56± 0.51) MeV
I Γρ = (143.09± 0.82) MeV

mρ ¼ ð772.42Æ 0.03Þ MeV

Γρ ¼ ð153.85Æ 0.11Þ MeV; ð24Þ

which are diametrally different from (14).
Now, an investigation of the same most accurate P-wave

isovector ππ scattering phase shift δ11ðtÞ data, which are
totally independent from the data on σtotðeþe− → πþπ−Þ,
by means of the fully solvable mathematical scheme
elaborated in Refs. [7,8], is carried out.
Starting from the analytic properties, consisting of a cut on

the positive real axis at the complex t plane, and the asym-
ptotic behavior of FEM;I¼1

π ðtÞ, the Cauchy formula with one
subtraction is written, which in combination with the elastic
unitarity condition leads to the phase representation

FEM;I¼1
π ðtÞ ¼ PnðtÞ exp

�
t
π

Z
∞

4

δ11ðt0Þ
t0ðt0 − tÞ dt

0
�
: ð25Þ

As the branch point t ¼ 4m2
π , generating the cut, is a square-

root type, the transformation (4) maps the two-sheeted
Riemann surface of FEM;I¼1

π ðtÞ into one q plane and if one
considers only the elastic region, the pionEMFFhas in it only
poles and zeros. The latter leads to a model-independent
phase shift δ11ðtÞ representation,

δ11ðqÞ ¼ arctg
A3q3 þ A5q5 þ Á Á Á

1þ A2q2 þ A4q4 þ Á Á Á ; ð26Þ

where A1 ≡ 0 in order to secure the threshold behavior
of δ11ðqÞ. An optimal description of the GKPY phase
shift δ11ðqÞ data is achieved (see Fig. 5) with χ2=ndf ¼
0.0244 and four nonzero coefficients A2, A3, A4,
and A5.

Substituting an equivalent form of the phase shift

δ11ðqÞ ¼
1

2i
ln

ð1þ A2q2 þ A4q4Þ þ iðA3q3 þ A5q5Þ
ð1þ A2q2 þ A4q4Þ − iðA3q3 þ A5q5Þ

ð27Þ

into (25), one finds FEM;I¼1
π ðqÞ in the form of a rational

function in the denominator of which two conjugate,
according to the negative imaginary axis, ρ meson poles
appear, from which the mass and width

mρ ¼ ð763.56Æ 0.51Þ MeV

Γρ ¼ ð143.09Æ 0.82Þ MeV ð28Þ

are determined to be very like (22).
By a comparison of χ2=ndf values in obtaining of the ρ0

meson parameters (14), (22), (24) and (28) we come to the
conclusion that the correct ρ0 meson parameters are most
likely given by the averaged values (22) and (28).

IV. GENERALIZATION OF GOUNARIS-SAKURAI
AND UNITARY&ANALYTIC MODELS TO

EXCITED STATES OF THE ρ MESON

With the appearance of the data on the total cross section
of the eþe− → πþπ− process also at the region of the excited
states ρ0ð1450Þ and ρ00ð1700Þ of the ρ meson, the pion EM
FF G.-S. model was generalized in various forms [2,12,13].
However, such generalization iswithout any deeper physical
background, as the original G.-S. model for the ρ0 meson
contribution has been constructed from the P-wave isoscalar
ππ scattering phase shift given by the generalized effective-
range formula of the Chew-Mandelstam type (2), which is
evidently valid only in the elastic region, and as a result, the
G.-S. model more or less reproducing the ρ0 meson region
cannot be expected to describe equallywell the ρ0ð1450Þ and
ρ00ð1700Þ at the deep inelastic region.
We have applied the generalization of [2]

FπðtÞ ¼
1

1þ β þ γ

�
FGS
ρð770Þ ðtÞ:

�
1þ δ

t
m2

ω
BWωðtÞ

�

þ βFGS
ρð1450Þ ðtÞ þ γFGS

ρð1700Þ ðtÞ
�

ð29Þ

to an optimal description of the unified BESIIIþ BABAR
data (see Fig. 6) with χ2=ndf ¼ 0.981, and obtained
parameters are presented in Table II. However, with regard
to our earlier discussion, one cannot be confident in the
determined parameters of all three vector mesons simulta-
neously. Despite this fact, just the parameter values of
the ρð770Þ meson are presented in Ref. [6], though they
are completely different from (14), which have been
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FIG. 5. Optimal description of the most accurate up-to-now
P-wave isovector ππ scattering phase shift δ11ðtÞ data with model-
independent parametrization (26).
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Generalisation of Gounaris-Sakurai
model to excited ρ mesons
ρ(1450) and ρ(1700)

I Fπ = 1
1+β+γ

[
F GS
ρ(770)

(s)
(

1 +

δ s
m2
ω

BWω(s)
)

+ βF GS
ρ(1450)

(s) +

γF GS
ρ(1700)

(s)
]

I χ2 = 0.98 pdf

Generalisation of U&A model to excited
ρ mesons

I Fπ = Π(q−qi )
Π(q+q∗i )

I χ2 = 1.84 pdf
determined by the original pion EM FF G.-S. model (13) to
be valid only at the elastic region.
A totally different situation is in a generalization of the

U&A pion EM FF model. Here, the contribution of all three
vector mesons is at an equal level. Only now, the effective
inelastic threshold, which is left as a free parameter of the
model, has to be taken into account explicitly. Therefore,
instead of the q variable, the W variable

WðtÞ ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtin−t0t0

Þ1=2 þ ðt−t0t0
Þ1=2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtin−t0t0

Þ1=2 − ðt−t0t0
Þ1=2

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtin−t0t0

Þ1=2 þ ðt−t0t0
Þ1=2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtin−t0t0

Þ1=2 − ðt−t0t0
Þ1=2

q

ð30Þ

is now considered in a construction of the pion EM FF
U&A model, which is mapping the four-sheeted Riemann
surface in the t variable into one W plane.
Then, the pion EM FF model, considering contributions

of all three vector meson resonances, takes the form [14]

FEM;I¼1
π ½WðtÞ� ¼

�
1 −W2

1 −WN

�
2 ðW −WZÞðWN −WPÞ
ðWN −WZÞðW −WPÞ

:

:

�ðWN −WρÞðWN −WÃ
ρÞðWN − 1=WρÞðWN − 1=WÃ

ρÞ
ðW −WρÞðW −WÃ

ρÞðW − 1=WρÞðW − 1=WÃ
ρÞ

ðfρππ=fρÞ

þ
X

υ¼ρ0;ρ00

ðWN −WυÞðWN −WÃ
υÞðWN þWυÞðWN þWÃ

υÞ
ðW −WυÞðW −WÃ

υÞðW þWυÞðW þWÃ
υÞ

ðfυππ=fυÞ
�
; ð31Þ

with

ðfρ0ππ=fρ0 Þ ¼ −

Nρ00

jWρ00 j4
Nρ0

jWρ0 j4
− Nρ00

jWρ00 j4
þ

Nρ00

jWρ00 j4
− ð1þ 2 WZWP

WZ−WP
:Re½Wρð1þ jWρj−2Þ�ÞNρ

Nρ0

jWρ0 j4
− Nρ00

jWρ00 j4
ðfρππ=fρÞ; ð32Þ

ðfρ00ππ=fρ00 Þ ¼ 1þ
Nρ00

jWρ00 j4
Nρ0

jWρ0 j4
− Nρ00

jWρ00 j4
−

2
64

Nρ00

jWρ00 j4
− ð1þ 2 WZWP

WZ−WP
:Re½Wρð1þ jWρj−2Þ�ÞNρ

Nρ0

jWρ0 j4
− Nρ00

jWρ00 j4
− 1

3
75ðfρππ=fρÞ; ð33Þ

and

Nρ ¼ ðWN −WρÞðWN −WÃ
ρÞðWN − 1=WρÞðWN − 1=WÃ

ρÞ; ð34Þ

Nυ ¼ ðWN −WυÞðWN −WÃ
υÞðWN þWυÞðWN þWÃ

υÞ: ð35Þ
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FIG. 6. Optimal description of the unified BESIII-BABAR
complete data on σtotðeþe− → πþπ−Þ by the generalized pion
EM FF G.-S. model.

TABLE II. The values of ρmeson parameters obtained from fits
of BESIIIþ BABAR data [1,2] on the total cross section of the
eþe− → πþπ− process with Gounaris-Sakurai and Unitary&
Analytic pion EM FF models to be compared to PDG values.

Parameter
PDG value
(MeV)

Gounaris-Sakurai
(MeV)

Unitary &
Analytic (MeV)

mρ 775.26Æ 0.25 774.81Æ 0.01 763.88Æ 0.04
mρ0 1465.00Æ 25.00 1497.70Æ 1.07 1326.35Æ 3.46
mρ00 1720.00Æ 20.00 1848.40Æ 0.09 1770.54Æ 5.49
Γρ 149.10Æ 0.80 149.22Æ 0.01 144.28Æ 0.01
Γρ0 400.00Æ 60.00 442.15Æ 0.54 324.13Æ 12.01
Γρ00 250.00Æ 100.00 322.48Æ 0.69 268.98Æ 11.40

χ2=ndf 0.981
[14 parameters]

1.842
[11 parameters]
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Parameter PDG MeV G.S. MeV U&A MeV
mρ 775.26 ± 0.25 774.81 ± 0.01 763.88 ± 0.04
mρ′ 1465.00 ± 25.00 1497.70 ± 1.07 1326.35 ± 3.46
mρ” 1720.00 ± 20.00 1848.40 ± 0.09 1770.54 ± 5.49
Γρ 149.10 ± 0.80 149.22 ± 0.01 144.28 ± 0.01
Γρ′ 400.00 ± 60.00 442.15 ± 0.54 324.13 ± 12.01
Γρ” 250.00 ± 100.00 322.48 ± 0.69 268.98 ± 11.40
χ2 pdf 0.98 1.84

14 param. 11 param.

We have applied this generalized pion EM FF
U&A model to an optimal description of the complete
BESIIIþ BABAR data (see Fig. 7) with χ2=ndf ¼ 1.844
and obtained all three pairs of vector meson parameters as
they are also presented in Table II.

V. CONCLUSION

The accuracy of the original pion EM FF Gounaris-
Sakurai model in a determination of the elastic ρð770Þ

meson resonance parameters has been investigated. For
this aim, totally independent experimental information on
the P-wave isovector ππ scattering phase shift δ11ðtÞ and on
the total cross section of the eþe− → πþπ− process was
exploited.
Just by a comparison of χ2=ndf values in obtaining of

the ρ0 meson parameters (14), (22), (24) and (28) we come
to the conclusion that the correct ρ0 meson parameters are
most likely given by the averaged values (22) and (28).
We conjecture that the average value of (22), (28)

and the ρð770Þ parameters in third column of the
Table II, i.e. resultant values mρ ¼ 763.49Æ 0.53 MeV,
Γρ ¼ 144.06Æ 0.85 MeV, are the most suitable for con-
siderations in the next corrections of the ρ0ð770Þ meson
parameters in the Review of Particle Physics [6].
We would like to draw an attention to the papers

[15,16], in which similar results for the ρ0ð770Þ meson
parameters in the framework of the resonance chiral
perturbation theory and in the framework of the chiral
effective field theory with vector mesons included as
dynamical degrees of freedom, respectively, have been
found.
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Experimental data for the ππ in the S0 wave (JI)
In PWA (CERN-Munich group’74) A(s, t) ∼ Cos(θS − θP)



Dispersion relations with imposed crossing symmetry
condition for ππ interactions theory←→ experiment

crossing symmetry: → ~Ts(s, t) = Ĉst ~Tt (t , s)

~T (s, t) + crossing symmetry→ dispersion relations for 4m2
π < s < ∼ (1150 MeV)2

Once subtracted DR:

Re ~F (s, t) = Re ~F (s0, t) +
s − s0

π

×
[
−
∞∫

4m2
π

ds′
Im ~F (s′, t)

(s′ − s0)(s′ − s)

+ −
−∞∫
−t

ds′
Im ~F (s′, t)

(s′ − s0)(s′ − s)

]



Dispersion relations with imposed crossing symmetry
condition for ππ interactions theory←→ experiment

crossing symmetry: → ~Ts(s, t) = Ĉst ~Tt (t , s)

~T (s, t) + crossing symmetry→ dispersion relations for 4m2
π < s < ∼ (1150 MeV)2

Once subtracted dispersion relations ("GKPY" for the S and P waves):

Re t I(OUT )
` (s) =

2∑
I′=0

CII′
st aI′

0 +
2∑

I′=0

4∑
`′=0

−
∞∫

4m2
π

ds′K II′
``′ (s, s′) Im t I′(IN)

`′ (s′)

aI′
0 - subtraction constant = ~Ts(s = 4m2

π , t = 0) - scattering lengths from only S wave

due to Re t I
`(k) = k2`(aI

` + bI
`k

2 + O(k4)) Re t I(OUT )
` (s)− Re t I(IN)

` (s)→ 0



GKPY equations and ππ amplitudes
partial waves: JI

experiment + theory (GKPY)

∞∫
4m2

π



GKPY equations and ππ amplitudes
partial waves: JI

experiment + theory (GKPY)

∞∫
4m2

π



Experimental data for the ππ in the S0 wave (JI)
In PWA (CERN-Munich group’74) A(s, t) ∼ Cos(θS − θP)



what forces GKPY eqs to pull up-left the sigma pole?

Two things: trigonometry and crossing symmetry
algebra lead to narrower and lighter σ.
Modified ππ amplitude with σ pole PRD 90, 116005 (2014) P. Bydzovský, 1, R.
Kamiński, V. Nazari
Nothing more and nothing instead of it is needed.



Resonance is near the threshold
1976 S. M. Flatté analyses the πη and the K K̄ coupled channel systems

Ai ∼
MR
√

Γ0Γi

M2
R − E2 − iMR(Γ1 + Γ2)

, i = 1, 2.

Γi = gi ki and Γ0 = g1q with q = k1(2mK ). So THREE free parameters: MR , g1, g2.
.....................................................................................................................................
One channel case:

T22 =
sin δ2

k2
eiδ2 ≡

1
k2 cot δ2 − ik2

,

k2 cot δ2 ≈
1
a

+
1
2

r k2
2 −→ T22 =

1
1
a − i k2 + 1

2 r k2
2

where a is the scattering length and r is the effective range (both real).
Two channel case: A and R are complex so FOUR free parameters

T22 =
1

2ik2
(ηe2iδ2 − 1) −→ T22 =

1
1
A − i k2 + 1

2 R k2
2

.

A = −i(
1
z1

+
1
z2

), R =
2i

z1 + z2
·

where z1 and z2 are zeroes of the S22 matrix element and are related with resonance.
Flatte approach: ImR = 0 so Rez1 = −Rez2



For a0(980)

L. Leśniak, AIP Conf.Proc. 1030 (2008) 238
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D0 → K 0
SK +K− decays

BABAR: PRD 78, 034023 (2008) −→

Our model (temporary results):



D0 → K 0
SK +K− decays

PRD 78, 034023 (2008) (BABAR) Our model (temporary results)
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D0 → K 0
SK +K− decays

BABAR analysis:
isobar model with 5 resonances: a0(980), a0(1450), f0(1370), φ(1020) and f2(1270) +
their charge "twins": Atot (m) =

∑
r ar eiΦr Ar (m) + aNReiΦNR

Single-wave unitary analysis (our - DKLL model):
Quasi-two-body factorization: Atot (m) = S0(m) + S+(m) + S−(m) + P0(m) + D0(m)
with unitary S0(m),S+(m),S−(m),P0(m),D0(m) components

PRD 78, 034023 (2008) (BABAR):

Component ar φr (deg) Fraction (%)
K 0

Sa0(980)0 1 0 55.8
K 0

Sφ(1020) 0.227± 0.005 − 56.2± 1.0 44.9
K 0

S f0(1370) 0.04± 0.06 − 2± 80 0.1
K 0

S f2(1270) 0.261± 0.020 − 9± 6 0.3
K 0

Sa0(1450)0 0.65± 0.09 − 95± 10 12.6
K−a0(980)+ 0.562± 0.015 179± 3 16.0
K−a0(1450)+ 0.84± 0.04 97± 4 21.8
K +a0(980)− 0.118± 0.015 138± 7 0.7

Sum of fractions, χ2 and free parameters:

BABAR: 152.2%, χ2 = 1.1pdf, 14 free parameters
Our model: ≈ 130%, χ2 ≈ 1.2pdf, 16 free parameters



Conclusions and what to do?

I Let’s start analysis using S-matrix approach,

I always determine what definition of "resonance" we use,

I in case of resonances close to the threshold one has to
specify what pole we use (on what Riemann sheet),

I Flatte approximation can be insufficient,

I for amplitudes with more than two channel one needs
precise analysis of all poles especially when they are near
the threshold,

I unitary amplitudes in wide energy range are quite simple
and work well, please use them!


