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Abstract. Diffractive production of π−π−π+ and π−π0π0 final states is the sub-
ject of comprehensive studies performed recently by the VES and the COM-
PASS experiments. COMPASS pioneered the application of novel methods of
partial-wave analysis: mass-independent PWA in multiple (m3π, t′)-cells, mass-
dependent analysis of spin-density matrices performed simultaneously in all
measured t′ bins, the analysis with freed shapes of π+π− isobars. In addition,
COMPASS observed a new narrow state: a1(1420). VES has world-leading
data samples on π−π−π+ and π−π0π0, that yield compatible results and show the
potential for a detailed comparison of isospin relations between different decay
channels, using the PWA methods with fixed and freed shapes of ππ isobars.

1 Introduction

The diffractive production of 3π states is currently the subject of detailed studies by the VES
[1] and the COMPASS [2] experiments. Both experiments perform an exclusive measurement
of the reaction π−beamNtarget → 3πNrecoil, where N is a nuclear or proton target. The VES
experiment runs at a beam momentum of 29 GeV/c , uses a Be target, and covers the squared
four-momentum interval 0 < t′ < 1.0 (GeV/c)2. COMPASS uses a 190 GeV/c beam on a
proton target and covers the range 0.1 < t′ < 1.0 (GeV/c)2.

The numbers of events, selected for the presented analysis, are 87 × 106 π−π−π+ and
32 × 106 π−π0π0 for VES and 46 × 106 π−π−π+ and 3.5 × 106 π−π0π0 for COMPASS.

The latest results of the VES analysis of the π−π−π+ and π−π0π0 were presented in [3–8].
VES, having compatible statistics of π−π−π+ and π−π0π0, presents results for both systems
[3, 4]. VES reported preliminary results on a resonance-model fit of the π−π0π0 data [5, 8]
and a partial-wave analysis (PWA) with freed π0π0 S -wave isobar amplitudes of the π−π0π0

data [8].
The COMPASS results for the π−π−π+ final states were published in [9–11]. Results

on π−π0π0 are presented in [12, 13]. COMPASS concentrates on the analysis of π−π−π+

states, and has performed a detailed PWA with 88 waves (fixed isobars), a PWA with freed
π+π− S -wave isobar amplitudes [10], and a resonance-model fit of 14 selected waves that are
described simultaneously in 11 t′ bins using 11 isovector resonances [9].

The short-hand notation to define 3π partial waves is

JPC Mε r π L, (1)

where JPC Mε are the quantum numbers of the 3π system, r is the ππ isobar and L is the
relative orbital angular momentum between isobar r and the bachelor pion π.
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2 Comparison of π−π−π+ and π−π0π0 final states

The simultaneous analysis and comparison of π−π−π+ and π−π0π0 final states is important
because in the isobar model, isospin symmetry relates the intensities and relative phases in
the two systems.
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Figure 1: 1++ 0+ ρ(770) π S intensity: VES (a), COMPASS (b). 2++ 1+ ρ(770) πD intensity:
VES (c), COMPASS (d). 2−+ 0+ f2(1270) π S intensity: VES (e), COMPASS (f). The π−π−π+

data are shown in red, the π−π0π0 data in blue.

Waves with isovector ππ isobars (e.g. ρ(770)π waves) are expected to be equal between
the neutral and the charged decay modes, i.e. BR(X− → π−π0π0)/BR(X− → π−π−π+) = 1



if we do not consider I > 1. Waves with isoscalar ππ isobars (e.g. f2(1270)π or
f0(980)π waves) in the π−π0π0 are expected to be half of the intensity in the π−π−π+ because
BR( f → π0π0)/BR( f → π−π+) = 1/2. However, taking into the account self-interferrence
due to bose symmetrization in π−π−π+, the value BR(X− → π−π0π0)/BR(X− → π−π−π+) can
be far away from 1/2. This happens in the case of broad ππ isobars such as f0(600).

Both experiments use similar approaches to analyze the data. The data are divided into
set of equidistant m3π bins and non-equidistant t′ bins (so-called t′-resolved analysis). The
partial-wave analysis is applied independently in each (m3π,t′) bin, using a rank-1 spin-density
matrix for dominant ε = +1 amplitudes. The angles of the outgoing pions are defined such
that the relative phases in π−π−π+ and π−π0π0 are the same.

Figure 1 shows the intensities of three dominant partial waves in m3π bins, summed over
t′. The 1++ 0+ ρ(770) π S intensities from VES (figure 1(a)) and COMPASS (figure 1(b)) ex-
hibit a broad bump that appears at lower m3π in the VES data. This points to complicated
composition of the 1++ wave, explained by a1(1260) resonance signal and significant amount
of coherent non-resonant background in the resonance-model fit of the COMPASS data [9].
The 2++ 1+ ρ(770) πD intensity is shown in figure 1(c) for VES and in figure 1(d) for COM-
PASS. It shows clear peak of the a2(1320) meson. Both experiments find the expected 1:1
intensity ratio for the ρπ decay into π−π−π+ (red) and π−π0π0 (blue). Figures 1(e) and 1(f)
show the 2−+ 0+ f2(1270) π S intensity for VES and COMPASS, respectively, which is domi-
nated by the π2(1670) resonance. In this case, the intensity ratio of π−π0π0 to π−π−π+ is close
to 1/2 at 1.7 GeV/c2, which is in agreement with the expectation from the isobar model.

The phases of the 2++ and 2−+ waves relative to the 1++ wave (not shown here) demon-
strate a striking similarity for two experiments and for two final states. The phases also
have only a weak dependence on t′. This points to the observation of the same production
mechanism for the dominant resonances, even at the lower beam energies of VES, where
the Reggeon exchange (for instance ρ exchange) could be significant in addition to Pomeron
exchange.

3 The a1(1420)
A novel resonance-like signal, the a1(1420), that appears as a narrow peak in the 1++ 0+

f0(980) π P wave at about 1.4 GeV/c2, and that is associated with a rapid phase rise was first
discovered in the π−π−π+ COMPASS data [11]. Resonance-model fits using 3 waves [11] and
14 waves [9] were performed, the latter yields the parameters: ma1(1420) = 1411 +4

−5 MeV/c2

and Γa1(1420) = 161 +11
−14 MeV/c2, where uncertainties are dominated by systematics. COM-

PASS also observes the a1(1420) peak without modeling the line shape of the f0(980) using
the freed-isobar approach [10]. VES has reported preliminary results of a resonance-model
fit of the 1++ 0+ f0(980) π P wave using subset of the π−π0π0 data [8], which are consistent
with COMPASS (ma1(1420) is 10 MeV/c2 higher compared to COMPASS). The nature of the
a1(1420) is highly disputed, so this phenomena needs further investigation, using different
data sets.

Figures 2(a) and 2(b) show 1++ 0+ f0(980) π P intensity distribution for VES and COM-
PASS, respectively (in the latter π−π−π+ is scaled to π−π0π0). Figures 2(c) and 2(d) show for
the lowest t′ bin the relative phase between 1++ 0+ f0(980) π P and 1++ 0+ ρ(770) π S . Both
intensities and relative phases look similar above m3π = 1.4 GeV/c2 for the two experiments.
The differences at low masses could be explained by different background conditions, which
can depend on beam energy, t′ region and target. The current VES data, demonstrating ac-
curate isospin relation in the peak of a1(1420) and having small statistical uncertainties in
both π−π−π+ and π−π0π0 modes, looks very promising for further more detailed analysis,
including freed-isobar methods.



1-(1++)0+ f0(980) pi P
 GeV

 E
v

e
n

ts
/ 

2
0

 M
e

V

0

5000

10000

15000

20000

25000

30000

0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3

 summed over t fit1 fit2

(a)

)2 (GeV/c−)π(3m
0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4

)2
in

te
ns

ity
 (

pe
r 

40
 M

eV
/c

0

2

4

6

8

10

12

14

16

18

20

22

24
310× p)−)π(3→p−πCOMPASS 2008 (

 Pπ(980) 0 f+0++1
 (scaled)+π−π−π, 0π0π−π

2/c20.100 < t' < 1.000 GeV
(incoherent sum)

Preliminary

(b)

φ(1-(1++)0+ f0(980) pi P              - 1-(1++)0+ rho pi S  
 GeV

 D
e

g
re

e
s

-150

-100

-50

0

50

100

150

200

0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3

t=0-0.015 GeV
2

(c)

)2 (GeV/c−)π(3m
0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4

ph
as

e 
(d

eg
re

e)

-200

-100

0

100

200

p)−)π(3→p−πCOMPASS 2008 (
 S)π(770) ρ +0++ 1− P π(980) 0 f+0++(1φ

+π−π−π, 0π0π−π
2/c20.100 < t' < 0.116 GeV
2/c20.100 < t' < 0.113 GeV

Preliminary

(d)

Figure 2: 1++ 0+ f0(980) π P intensity VES (a), COMPASS (b). Relative phase between the
1++ 0+ f0(980) π P and the 1++ 0+ ρ(770) π S VES (c), COMPASS (d). The π−π−π+ data are
shown in red, the π−π0π0 data in blue.

4 Freed-isobar PWA
The freed-isobar PWA is a novel approach so the method is briefly introduced. In the con-
ventional PWA of 3π final states, the decay amplitudes (partial waves) are complex functions
Ψi(τ) that are labeled by quantum numbers i, as is given by Eq.(1), and depending on the 3π
phase-space variables τ:

Ψi(τ) =

Nperm∑

k=1

Dr(mr,k) FJr (mr,k)Ki(ΩGJ
k ,ΩHF

k ). (2)

They contain functions Ki(ΩGJ
k ,ΩHF

k ) that collect all angular dependencies and depend on
the angles in Gottfried-Jackson and helicity rest frames, centrifugal-barrier factors FJr (mr)
and the amplitude Dr(mr) describing the propagation of ππ isobar. Summing over index k
represents the Bose symmetrization, where the kinematic variables are calculated for different
combinations of the final-state pions.

In the freed-isobar method, the amplitudeD(mr) is presented by a set of piece-wise con-
stant functions Πl,r(mr) that fully cover the allowed mass range for mr, multiplied on complex
coefficients Tl:

D(mr) =

Nbins∑

l

Tl Πl,r(mr), Πl,r(mr) =


1 if mr,l ≤ mr < mr,l+1,

0 otherwise.
(3)



By substituting Eq.(3) into Eq.(2) and taking out Tl (used as fitting parameters), we construct
a new set of decay amplitudes:

Ψ̃i,l(τ) =

Nperm∑

k=1

Πl,r(mr,k) FJr (mr,k)Kε
i (ΩGJ

k ,ΩHF
k ). (4)

In the reflectivity basis, the amplitudes (4) are real-valued functions, without any free param-
eters, so the standard PWA technique can be used. Using Ti,l as fit parameters and wave-set
Eq.(4), the over-all strength of the partial wave with quantum numbers i and the isobar am-
plitudeD(mr) will be optimized.

It was found that the freed wave sets of the form of Eq. (4) contain linear-dependencies,
which are exact in the limit of zero mr bin width for Πl,r(mr). Sets of functions were found,
keeping the total 3π amplitude unchanged, when added to each [ππ] j isobar amplitude. Such
functions are called zero modes (ZM) [14]. These linear dependencies arise only in case of
Bose-symmetrization in 3π, which breaks the orthogonality between angular amplitudes in
Eq.(4). They appear when different values of L and spin j of the ππ isobar are used for the
same JPC Mε. The case when the one amplitude has one ZM, is 1−+ 1+ [ππ]P π P. ZM is
constant function of mr.
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Figure 3: Intensity distribution (a) and Argand diagram (b) for the freed [ππ]P amplitude
before (red) and after (blue) fixing the zero mode. The 1−+ 1+ [ππ]P π P intensity in m3π bins
(c) from the freed-isobar PWA (red) and the fixed-isobar PWA (blue). Intensity of 1−+ as a
function of m3π and m2π after fixing the zero mode (d).



The latest freed-isobar PWA of the COMPASS data uses 12 waves with freed isobar am-
plitudes, including the spin-exotic 1−+ 1+ [ππ]P π P wave [15]. Figures 3(a) and 3(b) show the
intensity and Argand diagram for freed [ππ]P amplitude in 1−+, obtained in a single (m3π,t′)
bin. The obtained PWA solution is shown in red, which looks very different from the ex-
pected ρ(770) resonance line shape. Due to the ZM ambiguity, each data point has infinite
uncertainties. Therefore, the error-bars were modified by removing the eigenvector along the
ZM direction from the covariance matrix. To resolve the ambiguity, the complex amplitude
of [ππ]P was required to be as close as possible to Breit-Wigner amplitude of ρ(770) for
mπ−π+ < 1.12 GeV/c2, which requires fit with one complex parameter. The result of this
fit is shown in figures 3(a) and 3(b) in blue and the Breit-Wigner curves are shown in gray,
demonstrating nice agreement with ρ(770). Figure 3(c) shows 1−+ intensity in all m3π bins
obtained from the freed isobar fit in red, and the one from the fixed-isobar PWA in blue.
Figure 3(d) shows the intensity of 1−+ as function of m3π and m2π, after the ZM ambiguity is
resolved in all m3π bins. The plot shows a clear peak at m3π = 1.6 GeV/c2 and m2π=0.77
GeV/c2 , corresponding to decay π−1 (1600) → ρ(770)π−. This shows that π−1 (1600) found in
the conventional analysis [9] is not an artifact due to using fixed shapes of isobars.

Conclusions and Outlook

We compare for the first time the mass-independent PWA results for the π−π−π+ and π−π0π0

final states that were obtained by the VES and COMPASS experiments. For both experiments,
the intensities of 3 dominant partial waves exhibit the isospin relations between π−π−π+ and
π−π0π0, that are expected for the isobar model. The 1++ 0+ f0(980) π P wave shows narrow
peak in its intensity and a rapid phase rise near 1.4 GeV/c2, attributed to the a1(1420). The
VES experiment demonstrates the potential for detailed study of a1(1420) in both π−π−π+

and π−π0π0 final states. The extended freed-isobar fits of COMPASS π−π−π+ data show the
possibility of deep insight into the spin-exotic 1−+ 1+ ρ(770) π P wave and the π1(1600).
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