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Q2 Q2
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xλ

HERA è íåïîäâèæíàÿ ìèøåíü
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where γE is the Euler constant, Γ (0, ξ) the incomplete Γ
function and ξ = a/τ2bp , with a = 1.868 and b = 0.746.
The normalization is fixed by σ̄0 = 40.56 mb.

To determine Q2
s,A, we use Eqs. (19) and (20) and com-

pare the functional shape (21) to the available experimen-
tal data for γ∗A collisions with x ≤ 0.0175 [24–26], using
ξ = a/τ2bA . We obtain δ = 0.79±0.02 and πR2

p = 1.55±0.02

fm2 for a χ2/dof = 0.95 (see Fig. 6 for the comparison).
Notice that these parameters translate into a growth of
the saturation scale faster than A1/3 for large nuclei. If
we impose Q2

s,A ∼ A1/3 in the fit, a much worse value of

χ2/dof = 2.35 is obtained. We conclude that the small-x
experimental data on γ∗A collisions favours an increase of
Q2

s,A faster than A1/3. The numerical coincidence b ≃ δ is
consistent with the absence of shadowing in nuclear par-
ton distributions at Q2 ≫ Q2

s,A.

Fig. 6. Geometric scaling fo γ p (upper panel, data from [23]),
γ∗A (middle panel, data from [24,25]) and the ratio of data for
γ∗A over the prediction from (21) (lower panel). As an addi-
tional check, the lower plot also shows data for γ∗A normalized
with respect to γ∗C [26], and divided by the corresponding pre-
diction from Eq. (21).

4.2 Geometric scaling and multiplicities in AA
collisions

In [21] a simple formula for multiplicities in symmetric
colliding systems at central rapidities has been proposed:

1

Npart

dNAA

dη
η∼0

= N0

√
s
λ
N

1−δ
3δ

part . (22)

An easy way to derive this formula is to take, as the start-
ing point, the factorized expression [27] for gluon produc-
tion

dNAB
g

dydptdb
∝ αS

p2
t

∫
dk φA(y,k

2,b)φB y, (k− pt)
2,b
)
,

(23)
where φh(y,k,b) =

∫
dr exp{ir · k}Nh(r, x;b)/(2πr

2) [28].
If one assumes geometric scaling for the parton distri-

butions, φA(y,k
2,b)≡ φ(k2/Q2

s,A(y,b)), we obtain

dNAA
g

dy
y∼0

∝
∫

dpt

p2
t

dkdb φ

(
k2

Q2
s,A

)
φ

(
(k− pt)

2

Q2
s,A

)

= Q2
s,AπR

2
A

∫
ds

s2
dτdb̄ φ(τ2)φ (τ − s)2

)
, (24)

where the integrand is a constant. This proportionality
between the total multiplicities and the saturation scale is
shared by other models of hadroproduction [27–30]. It is
important to notice, however, that for the case of geomet-
ric scaling, Eq. (22) is more general than the factorized
form (23). Indeed, any functional shape of the integrand
will lead to the same result providing geometric scaling
holds. In order to recover Eq. (22), the energy dependence
of the saturation scale in (24) is given by the GBW param-
eter λ = 0.288; for its centrality dependence we use the
known proportionality in symmetric A+A collisions be-
tween the number Npart of participant nucleons and the

nuclear size A and Q2
s,A ∝ A1/3δ, with δ = 0.79 ± 0.02.

In this way, the energy and centrality dependences are
determined by parameters fitted to γ∗ − p and γ∗ −A re-
spectively. In all these models, the hadron yield is assumed
to be proportional to the yield of produced partons. The
remaining normalization constant is fixed to N0 = 0.47 in
order to reproduce PHOBOS data, see Fig. 7. It is inter-
esting that even the p̄+p data ( [31], as quoted in [32])

= 19.6 and 200 GeV are accounted for. Eq. (22)
lies that the energy and the centrality dependence of
multiplicity factorize, in agreement with the results by
BOS [32].

A formula similar to Eq. (22) has been extensively em-
ployed to study multiplicities in Au+Au collisions in [33].
These authors assume Q2

s,A ∝ A1/3 and an additional en-

hancement factor ln(
√
s
λ
N

1/3
part) argued to come from scal-

ing violations of the coupling constant in (23). Notice that
for the accessible range of A, A4/9 ∼ A1/3 ln(A1/3) – this
being the reason why both approaches provide a fair de-
scription of the data at RHIC.

4.3 Geometric scaling and dAu data

The forward rapidity region of the RHIC experiments has
become the main testing ground for saturation ideas. In
this section, we check to which extent geometric scal-
ing can account for the observed suppression on particle
yields. The situation in this case is, however, more model-
dependent than in the previous two cases. The reason is

x < 0.01, 0.045GeV 2 < Q2 < 450GeV 2
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Fig. 1. Geometric scaling of the transverse momentum spectra that are plotted in

terms of p2T and scaling variable τ for three choices of λ = 0.23, 0.25 and 0.27.

where Q0 ∼ 1 GeV has been factorized for convenience. Function F (τ)
is a universal, energy independent, dimensionless function of dimensionless
scaling variable

τ =
p2T
Q2

0

(pT
W

)λ
(2)

where W ∼ √
s (in Ref.[1] W =

√
s× 10−3 if all energy scales are in GeV).

At the time when Ref.[1] was published the pT distributions measured
by CMS [3] have not been publicly accessible yet. Therefore we had to
perform our analysis using Tsallis parametrizations of the CMS data. Now,
when pT distributions are available from the Durham Reaction Data Base
[4], we repeat our analysis on the real data. In Fig.1 we plot d2Nch/dyd

2pT

|η| < 2.4
Ã-Áåðíàò Ñòàñòî Êâè÷èíñêè 2001, ÌàêËåððàí Ïðàøàëîâè÷ 2010 Àëáàñåòå Àðìåñòî Ìèëõàíî Ñàëüãàäî Âèäåìàíí 2005



Áàëàíñ ïðîöåññîâ ñëèÿíèÿ - ðàñùåïëåíèÿ

η

η +∆η

splitting fusion

η = ln1
x

âåðîÿòíîñòü èñïóñêàíèÿ ãëþîíà

P1 ∼ αs
dx
x

d~k
~k2 =⇒ Pn ∼ (αs ln 1

x )n

ãëþîííûå ô.ð.: ïðîèíòåãðèðîâàííàÿ xG
íåïðîèíòåãðèðîâàííàÿ φ

xG(x ,Q2) =
∫ Q2

d2kφ(x , k⊥)

óðàâíåíèå ÁÔÊË:
∂φ(x,k⊥)

∂ln 1
x

= K ⊗ φ(x , k⊥) =⇒ φ ∼ xλ, xG ∼ xλ

ñå÷åíèå ïðîöåññà ñëèÿíèÿ ãëþîíîâ σ ∼ αs
Q2 =⇒ íàñûùåíèå ρglueσ ∼ 1

ïîïåðå÷íàÿ ïëîòíîñòü ãëþîíîâ ρglue ∼ xG
πR2

h
Q2

s ∼ αs
xG
πR2

h
∼ Q2

0
A1/3

xλ

óðàâíåíèå ÃËÐ (ÄËÀ):

∂2xG
∂ln 1

x ∂lnQ2
=
αsNc

π
xG − α2

sNc

R2
hQ2

[xG]2

ÁÔÊË: Ôàäèí Êóðàåâ Ëèïàòîâ 1975, Áàëèöêèé Ëèïàòîâ 1978, ÃËÐ: Ãðèáîâ Ëåâèí Ðûñêèí 1981, Ìþëëåð Êüþ 1986



Âèëüñîíîâñêèå ëèíèè â ïîëå óäàðíîé âîëíû

Ýéêîíàëüíîå ïðèáëèæåíèå � áûñòðàÿ ÷àñòèöà äâèæåòñÿ âî âíåøíåì ïîëå ìèøåíè

Ux⊥ = Pe
ig
∞∫
−∞

dz+A−(x⊥,z+)

= 1+ig
∫

dz+A−(x⊥, z+)+
(ig)2

2

∫
dz+dz ′+A−(x⊥, z ′+)A−(x⊥, z+)+...

âçàèìîäåéñòâèå ôàêòîðèçóåòñÿ â âèëüñîíîâñêóþ ëèíèþ Ux⊥

êàëèáðîâî÷íî èíâàðèàíòíûå ñòåïåíè ñâîáîäû �
êîððåëÿòîðû âèëüñîíîâñêèõ ëèíèé tr [Ux⊥U†y⊥ ]...

âíåøíåå ïîëå áûñòðîé ÷àñòèöû ∼ δµ−δ(x+)A(x⊥)

ïðîïàãàòîðû âî âíåøíåì ïîëå ∼ D(x+ < 0)⊗Ux⊥⊗D(x+ > 0)

yx

Áàëèöêèé 1996



Ñòðóêòóðà àìïëèòóäû:
âûñîêîýíåðãåòè÷åñêîå îïåðàòîðíîå ðàçëîæåíèå (ÂÝÎÐ)

γ

⊗

γ
Y > η

Y < η

p p

U
U†

σγ∗p ∼
∫

dr1dr2Φη
γ∗(r1, r2)〈p|Nc − tr(Ur1U

†
r2 )η|p〉

Φγ∗ � èìïàêò ôàêòîð tr(U1U†2) � äèïîëüíûé îïåðàòîð
η � ìàñøòàá ðàçäåëåíèÿ áûñòðîò

ãëþîíû ñ p+ > p+
γ eη â èìïàêò ôàêòîðå

ãëþîíû ñ p+ < p+
γ eη â âèëüñîíîâñêèõ ëèíèÿõ.

Áàëèöêèé 1996



Óðàâíåíèå Áàëèöêîãî - Êîâ÷åãîâà

Uη
~z = Peig

∫ +∞
−∞ dz+A−η (z+,~z) A−η =

∫
d4p

(2π)4 e−ipzA− (p) θ(p+
γ eη − p+)

∂tr(U1U†2)

∂η
=

αs

2π2

∫
d~z4

~z 2
12

~z 2
14~z

2
42

[
tr(U1U†4)tr(U4U†2)− Nc tr(U1U†2)

]
.

Èåðàðõèÿ óðàâíåíèé Áàëèöêîãî � óðàâíåíèÿ äëÿ
∂U j

i
∂η ,

∂U j
1i U

l
2k

∂η ,
∂U j

1i U
l
2k Un

3h
∂η ... ∼ JIMWLK

Áàëèöêèé 1996, Êîâ÷åãîâ 1999 ÑÃËÏ: Áàëèöêèé Êèðèëëè 2007�2013



Óðàâíåíèå Áàëèöêîãî Êîâ÷åãîâà

U12 =
1

Nc
Tr
(

U1U†2
)
− 1

dU12

dη
=
αsNc

2π2

∫
d~z3

~z 2
12

~z 2
13~z

2
23

[U13 + U32 − U12 − U13U32]

Ëèíåéíàÿ ÷àñòü � óðàâíåíèå Áàëèöêîãî-Ôàäèíà-Êóðàåâà-Ëèïàòîâà â

ìåáèóñîâñêîé ôîðìå

Íåëèíåéíàÿ ÷àñòü � íàñûùåíèå

Ôàäèí Êóðàåâ Ëèïàòîâ 1975, 1976, 1977, Áàëèöêèé Ëèïàòîâ 1978, Ôàäèí Ôèîðå Ïàïà 2007
ÑÃËÏ: Ôàäèí Ëèïàòîâ 1998, Ôàäèí Ôèîðå 2005
Áàëèöêèé 1996, Êîâ÷åãîâ 1999 ÑÃËÏ: Áàëèöêèé Êèðèëëè 2007�2013



Äëÿ êîíêðåòíîãî ïðîöåññà â Ðåæäåâñêîì ïðåäåëå:

Ñòðóêòóðà ÂÝÎÐ

1 âûáîð âèëüñîíîâñêîãî îïåðàòîðà äëÿ
íàáëþäàåìîé âåëè÷èíû:
O[U] = tr(U1U†2), tr(U1U†2U3U†4) ...

2 ïîñòðîåíèå óðàâíåíèÿ ýâîëþöèè äëÿ

ýòîãî îïåðàòîðà ∂O[U]
∂η = ...

3 ðåøåíèå ýòîãî óðàâíåíèÿ
ñ í. ó. η ∼ ηtarget äëÿ η ∼ ηprojectile

4 âû÷èñëåíèå æåñòêîãî ìàòðè÷íîãî
ýëåìåíòà - èìïàêò ôàêòîðà Φηprojectile

5 ñâåðòêà èìïàêò ôàêòîðà è ìàòð.
ýëåìåíòà âèëüñîíîâñêîãî îïåðàòîðà

iMfi ∼ Φηprojectile ⊗ 〈h′|O[U]ηprojectile |h〉

Çàäà÷è

1 âûáîð îïåðàòîðà äëÿ ïðîöåññà

2 ïîñòðîåíèå óðàâíåíèé ýâîëþöèè â
ÃËÏ, ÑÃËÏ

3 ðåøåíèå óðàâíåíèé ýâîëþöèè

4 âû÷èñëåíèå èìïàêò ôàêòîðîâ ÃÏ,
ÑÃÏ

5 ñáîðêà ñå÷åíèé

6 ñðàâíåíèå ñ ýêñïåðèìåíòàëüíûìè
äàííûìè è ðåçóëüòàòàìè äðóãèõ
ïîäõîäîâ

Ïðàâèëüíî ëè ÊÖÑ îïèñûâàåò ôèçèêó
áîëüøèõ ãëþîííûõ ïëîòíîñòåé?



Âûáîð îïåðàòîðà. Ïðèìåðû.

γ

p

tr(U1U†2)

γ

p

tr(U1U†2U3U†4)

tr(U1U†2)tr(U3U†4)

p

p

U1 · U2 · U3

γ

p

tr(U1U†2)

tr(U1U†2)tr(U3U†2)



Ïîñòðîåíèå óðàâíåíèé ýâîëþöèè

ÃËÏ:
∂U i

j
∂η = αsK̂ U i

j ,
∂U i

j U
k
l

∂η = αsK̂ U i
j U

k
l ,

∂tr(U1U†2 )

∂η = αsK̂ tr(U1U†2) Áàëèöêèé 96

Áàðèîííàÿ âèëüñîíîâñêàÿ ïåòëÿ (ÁÂÏ): B123 = εi′ j′h′εijhU i
z1 i′U

j
z2 j′U

h
z3h′ = U1 · U2 · U3

óðàâíåíèå äëÿ B íå çàìêíóòî Ïðàøàëîâè÷ Ðîñòâîðîâñêèé 98

ëèíåéíîå óðàâíåíèå, Ñ-íå÷åòíàÿ ÷àñòü Õàòòà ßíêó Èòàêóðà ÌàêËåððàí 2005

ïîëó÷åíî óðàâíåíèå ýâîëþöèè äëÿ B â çàìêíóòîì âèäå Ãåðàñèìîâ ÀÃ 2012�
âñå íåëèíåéíûå ïîïðàâêè ê óðàâíåíèþ ýâîëþöèè äëÿ îääåðîíà�

îïèñàíèå áàðèîíà â ðàìêàõ ÂÝÎÐ â ðàçðåæåííîì ðåæèìå

ÑÃËÏ:
∂tr(U1U†2 )

∂η = (αsK̂ + α2
sK̂1)tr(U1U†2) Áàëèöêèé Êèðèëëè 2007-2010

∂U i
j U

k
l Um

n
∂η = α2

sK̂1U i
j U

k
l Um

n ÀÃ 2013

∂U i
j

∂η = (αsK̂ + α2
sK̂1)U i

j ,
∂U i

j U
k
l

∂η = (αsK̂ + α2
sK̂1)U i

j U
k
l Áàëèöêèé Êèðèëëè 2013

ïîëíàÿ èåðàðõèÿ â ÑÃËÏ�

ãàìèëüòîíèàí JIMWLK Êîâíåð Ëþáëèíñêèé Ìþëèàí 2014�

óðàâíåíèå äëÿ áàðèîííîé âèëüñîíîâñêîé ïåòëè Áàëèöêèé ÀÃ 2014

�

óðàâíåíèÿ äëÿ tr(U1U†2)tr(U3U†4) è tr(U1U†2U3U†4) ÀÃ 2015



Ýâîëþöèÿ áàðèîííîé âèëüñîíîâñêîé ïåòëè

∂Bη
123
∂η

=
αs3
4π2

∫
d~z4

[
~z 2

12
~z 2

41~z
2

42
(−Bη

123+

+
1
6

(Bη
144Bη

324 + Bη
244Bη

314 − Bη
344Bη

214)) +(1↔ 3) + (2↔ 3)
]
.

Â ïðåäåëå áîëüøèõ Nc 〈Bη
144Bη

324〉 → 〈B
η
144〉〈B

η
324〉 óðàâíåíèå èìååò çàìêíóòûé âèä



C-÷åòíàÿ ÷àñòü � Ïîìåðîí

Ñòðîèì C-÷åòíóþ è Ñ-íå÷åòíóþ ôóíêöèè ñ ïîìîùüþ àíòèáàðèîííîãî

îïåðàòîðà Bη

1̄2̄3̄
= U†1 · U

†
2 · U

†
3

B+
123 = Bη

123 + Bη

1̄2̄3̄
− 12, B−123 = Bη

123 − Bη

1̄2̄3̄

B+
123 =

1
2

(B+
133 + B+

211 + B+
322) + B̃+

123,

ãäå B̃+
123 ñòàðòóåò ñ 4-ãëþîííîãî îáìåíà. Â SU(3)

Biij = 2tr(UjU
†
i )

=⇒ B+
123 ðàñïàäàåòñÿ íà 3 C-÷åòíûõ äèïîëüíûõ ôóíêöèè Ãðèíà è ïîïðàâêó

ÑÃÏ.



C-íå÷åòíàÿ ÷àñòü � îääåðîí

∂B−123
∂η

=
αs3
4π2

∫
d~z4

~z 2
12

~z 2
14~z

2
42

[
B−423 + B−143 − B−123

−B−124 − B−443 + B−424 + B−144 +
1

12
(
B+

144B−324 + B+
244B−314 − B+

344B−214

)

+
1

12
(
B−144B+

324 + B−244B+
314 − B−344B+

214

)]
+ (2↔ 3) + (1↔ 3).

Ëèíåéíàÿ ÷àñòü ñîâïàäàåò ñ óðàâíåíèåì ýâîëþöèè äëÿ ô. Ãðèíà îääåðîíà

Õàòòà, ßíêó, Èòàêóðà, ÌàêËåððàí 2005, ñîâïàäàþùèì ñ óðàâíåíèåì

Áàðòåëüñà-Êâè÷èíñêîãî-Ïðàøàëîâè÷à Á 1980, Ê Ï 1980.



Ñâÿçíàÿ ÷àñòü ÿäðà â ÑÃÏ

K conn
NLO ⊗ Bη123 =

α2
s

8π3

∫
d~z0

[(
~z10~z20

)
~z 2

10~z
2

20
−
(
~z30~z20

)
~z 2

30~z
2

20

]
ln
~z 2

30

~z 2
31

ln
~z 2

10

~z 2
31

(B100B320 − B300B210)

+
α2

s

4π4

∫
d~z0d~z4

{
(U2U†0 U1) · U4 · (U0U†4 U3) + (U3U†4 U0) · U4 · (U1U†0 U2)− (1, 4↔ 3, 0)

}
×

[
1

2~z 2
04

(
~z10~z34

)
~z 2

10~z
2

34
+

(~z10~z40)

~z 2
10~z

2
40

(~z24~z34)

~z 2
24~z

2
34

+
(~z04~z34)

~z 2
04~z

2
34

(~z10~z20)

~z 2
10~z

2
20
−
(
~z20~z10

)
~z022~z012

(
~z24~z34

)
~z 2

24~z342

]
ln
~z 2

02

~z 2
24

+(2↔ 1) + (2↔ 3).



Ïîëíîå óðàâíåíèå â ÑÃÏ

Äîáàâèâ âêëàä ýâîëþöèè 2 âèëüñîíîâñêèõ ëèíèé èç äèïîëüíîãî ÿäðà â ÑÃÏ
Áàëèöêèé Êèðèëëè 2013

∂B123

∂η
=
αs(µ2)

8π2

∫
d~r0

[
(B100B320 + B200B310 − B300B210 − 6B123)

×
{

~r 2
12

~r 2
01~r

2
02
− 3αs

4π
β

[
ln
(
~r 2

01

~r 2
02

)(
1
~r 2

02
− 1
~r 2

01

)
−

~r 2
12

~r 2
01~r

2
02

ln
(
~r 2

12

µ̃2

)]}
−αs

π
ln
~r 2

20

~r 2
21

ln
~r 2

10

~r 2
21

{
1
2

[
~r 2

13

~r 2
10~r

2
30
−

~r 2
32

~r 2
30~r

2
20

]
(B100B320 − B200B310)

−
~r 2

12

~r 2
10~r

2
20

(
9B123 −

1
2

[2 (B100B320 + B200B130)− B300B120]

)}
+ (1↔ 3) + (2↔ 3)

]
+ ...

Çäåñü

β ln
1
µ̃2 =

(
11
3
− 2

3
nf

3

)
ln
(

µ2

4e2ψ(1)

)
+

67
9
− π2

3
− 10

9
nf

3
.



Ïîëíîå óðàâíåíèå â ÑÃÏ

− α2
s

8π4

∫
d~r0d~r4

[
{L̃12

(
U0U4

†U2

)
·
(

U1U0
†U4

)
· U3

+L12

[(
U0U4

†U2

)
·
(

U1U0
†U4

)
· U3 + tr

(
U0U4

†
)(

U1U0
†U2

)
· U3 · U4

−3
4

[B144B234 + B244B134 − B344B124] +
1
2

B123

]
+(M13 −M12 −M23 + M13

2 )
[(

U0U4
†U3

)
·
(

U2U0
†U1

)
· U4

+
(

U1U0
†U2

)
·
(

U3U4
†U0

)
· U4

]
+ (all 5 permutations 1↔ 2↔ 3)}+ (0↔ 4)

]
− α

2
snf

16π4

∫
d~r0d~r4

[{(
1
3

(U1U0
†U4 + U4U0

†U1) · U2 · U3 −
1
9

B123tr(U0
†U4)

+(U1U0
†U2) · U3 · U4 +

1
6

B123 −
1
4

(B013B002 + B001B023 − B012B003)

+ (1↔ 2)
)

+ (0↔ 4)
}

Lq
12 + (1↔ 3) + (2↔ 3)

]
.



Ïîëíîå óðàâíåíèå â ÑÃÏ

Ïîìåðîííîå ÿäðî L12(0↔ 4) = L12

L12 =

[
1

~r012~r242 −~r022~r142

(
−
~r12

4

8

(
1

~r012~r242
+

1
~r022~r142

)
+
~r12

2

~r042
−
~r02

2~r14
2 +~r01

2~r24
2

4~r044

)
+
~r12

2

8~r042

(
1

~r022~r142
− 1
~r012~r242

)]
ln
(
~r01

2~r24
2

~r142~r022

)
+

1
2~r044

.

Lq
12 =

1
~r044

{
~r02

2~r14
2 +~r01

2~r24
2 −~r04

2~r12
2

2(~r022~r142 −~r012~r242)
ln
(
~r02

2~r14
2

~r012~r242

)
− 1
}
.

2-òî÷å÷íûé âêëàä â îääåðîííîå ÿäðî L̃12(0↔ 4) = −L̃12

L̃12 =
~r12

2

8

[
~r12

2

~r012~r022~r142~r242
− 1
~r012~r042~r242

− 1
~r022~r042~r142

]
ln
(
~r01

2~r24
2

~r142~r022

)
.

Íîâûå ñòðóêòóðû

M12 =
~r12

2

16

[
~r12

2

~r012~r022~r142~r242
− 1
~r012~r042~r242

− 1
~r022~r042~r142

]
ln
(
~r01

2~r02
2

~r142~r242

)
.

M13
2 =

1
4~r012~r342

(
~r12

2~r23
2

~r022~r242
−
~r14

2~r23
2

~r042~r242
−
~r03

2~r12
2

~r022~r042
+
~r13

2

~r042

)
ln
(
~r02

2

~r242

)
.



Êâàçèêîíôîðìíîå óðàâíåíèå

Ïîëó÷åíî ÿäðî óðàâíåíèÿ ýâîëþöèè â êâàçèêîíôîðìíîì âèäå â áàçèñå

ñîñòàâíûõ êîíôîðìíûõ îïåðàòîðîâ

Áàëèöêèé Êèðèëëè 2009

Oconf = O +
1
2
∂O
∂η

∣∣∣∣∣∣ ~r
2

mn
~r 2
im
~r 2
in
→ ~r 2

mn
~r 2
im
~r 2
in

ln
(
~r 2
mna

~r 2
im
~r 2
in

) ,
Ñîñòàâíîé êîíôîðìíûé áàðèîííûé îïåðàòîð

Bconf
123 = B123 +

αs3
8π2

∫
d~r4

[
~r 2

12
~r 2

41~r
2

42
ln
(

a~r 2
12

~r 2
41~r

2
42

)

×(−B123 +
1
6

(B144B324 + B244B314 − B344B214))

+(1↔ 3) + (2↔ 3)
]
.



Ëèíåàðèçîâàííîå óðàâíåíèå

Ïîëó÷åíî ëèíåàðèçîâàííîå óðàâíåíèå äëÿ Bconf
123 .

Ëèíåàðèçîâàííîå óðàâíåíèå ýâîëþöèè äëÿ C-íå÷åòíîé ÷àñòè äèïîëüíîãî

îïðåàòîðà B−122 = 2tr(U1U†2)− 2tr(U†1U2)

∂B−conf
122
∂η

3g
=

3αs
(
µ2
)

2π2

∫
d~r0(B−conf

100 + B−conf
220 − B−conf

122 )

×
(

~r 2
12

~r 2
01~r

2
02
− 3αs

4π
β

[
ln
(
~r 2

01
~r 2

02

)(
1
~r 2

02
− 1
~r 2

01

)
−

~r 2
12

~r 2
01~r

2
02

ln
(
~r 2

12
µ̃2

)])

− 9α2
s

2π4

∫
d~r0d~r4 L̃C

12B−044 +
27α2

s

2π2 ζ(3)B−122

− α2
snf

12π4

∫
d~r0d~r4

{(
2B−014 − B−001 − B−144

)
−
(
2B−024 − B−002 − B−244

)}
Lq

12.

cîäåðæèò íåäèïîëüíûå áàðèîííûå îïåðàòîðû â êâàðêîâîé ÷àñòè.



Ðåøåíèå óðàâíåíèé ýâîëþöèè

ëèíåéíîå óðàâíåíèå:

ðåøåíèå óðàâíåíèÿ ÁÔÊË â ÃËÏ äëÿ ðàññåÿíèÿ íà ïðîèçâîëüíûé óãîë Ëèïàòîâ 1986

ðåøåíèå óðàâíåíèÿ ÁÔÊË â ÑÃËÏ äëÿ ðàññåÿíèÿ âïåðåä Êîâ÷åãîâ Êèðèëëè 2013 ÀÃ 2013�
ïîëíîå ñå÷åíèå γ∗γ∗ ðàññåÿíèÿ â ÑÃËÏ Êîâ÷åãîâ Êèðèëëè 2014

íåëèíåéíîå óðàâíåíèå:

÷èñëåííîå ðåøåíèå óðàâíåíèÿ ÁÊ â ÃËÏ Ìàðêåò Ñîåç 2006, Áåðãåð Ñòàñòî 2010

÷èñëåííîå ðåøåíèå óðàâíåíèÿ ÁÊ â ÑÃËÏ Ëàïïè Ìàíòåñààðè 2015

ñóììèðîâàíèå âêëàäîâ ∼ β âî âñåõ ïîðÿäêàõ - rcBK Áàëèöêèé 2007

÷èñëåííîå ðåøåíèå óðàâíåíèÿ rcBK Àëáàñåòå Àðìåñòî Ìèëõàíî Àðèàñ Ñàëãàäî 2010



Ðåøåíèå ëèíåéíîãî óðàâíåíèÿ äëÿ ðàññåÿíèÿ âïåðåä

∂Ĝ
∂η

= K̂ Ĝ, Ĝ|η=η0 = 1̂, 〈nν|K̂ |hρ〉 = ᾱχ(n, ρ)δnhδ (ρ− ν)

η0 � ýíåðãåòè÷åñêèé ìàñøòàá èìïàêò ôàêòîðà.

ᾱ = αsNc/π, χ(n, ν) = 2Re(ψ(1)− ψ((1 + n)/2 + iν))

Ïîñëå ñâåðòêè ñ èìïàêò ôàêòîðîì 〈nν|K̂ |Φ〉

∂〈nν|G|Φ〉
∂η

= ᾱχ(n, ν)〈nν|G|Φ〉, 〈nν|G|Φ〉 ∼ eᾱχ(n,ν)η.

〈~r |nν〉 =
1

π
√

2
einφ(~r 2)−

1
2 +iν



Óðàâíåíèå ÁÔÊË â ÑÃËÏ

ßäðî ÁÔÊË â êâàçèêîíôîðìíîì âèäå â ÑÃÏ èìååò

íåêîíôîðìíûé âêëàä ∼ β Ôàäèí Ëèïàòîâ 1998

〈nν|K̂ |hρ〉 =

[
ᾱχ(n, ρ) +

ᾱ2

4
δ(n, ρ)

]
δnhδ (ρ− ν)

−i
ᾱ2β

4
χ(n, ρ)δnhδ

′ (ρ− ν) ,

δ(n, ν) ñîäåðæèò âñå âêëàäû ÑÃÏ áåç ïðîèçâîäíûõ

Äëÿ G = χ〈nν|Ĝ |Φ〉 óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ

∂G
∂η
− i

ᾱ2β

4
χ(n, ν)

∂G
∂ν

=

[
ᾱχ(n, ν) +

ᾱ2

4
δ(n, ν)

]
G

G0 = G|η=η0 = χ(n, ν)ΦB (n, ν)



Ðåøåíèå äëÿ ðàññåÿíèÿ âïåðåä â ÑÃËÏ

Ðåøåíèå

G = G0(n,F−1(F (v) + ∆F ))

×e−
4i
ᾱβ

(F−1(F (ν)+∆F )−ν)e−
i
β

∫ F−1(F (ν)+∆F )
ν

δ(n,l)
χ(n,l) dl

.

∆F =
ᾱ2βi(η − η0)

4
, F (ν) =

∫ ν

ν0

dl
χ (n, l)

.

â ÑÃËÏ

〈nν|Ĝ|Φ〉 =

(
ΦB(n, ν) +

ᾱ2βi
4

[ΦB(n, ν)χ (n, ν)]′η
)

×eᾱχ(n,ν)(η−η0)+ ᾱ2
4 δ(n,ν)η+ ᾱ3βi

8 χ(n,ν)χ′(n,ν)η2
.



Âû÷èñëåíèå èìïàêò ôàêòîðîâ

γ∗ → V â ÑÃÏ â ðàìêàõ ïîäõîäà ÁÔÊË Èâàíîâ Êîöêèé Ïàïà 2005

γ∗ → γ∗ â ÑÃÏ â ðàìêàõ ÂÝÎÐ Áàëèöêèé Êèðèëëè 2010

γ∗ → qq̄g â ÃÏ â ðàìêàõ ÂÝÎÐ Áóññàðè ÀÃ Øèìàíîâñêèé Âàëëîí 2014

γ∗ → qq̄ â ÑÃÏ â ðàìêàõ ÂÝÎÐ Áóññàðè ÀÃ Øèìàíîâñêèé Âàëëîí 2016

γ∗ → VL â ÑÃÏ â ðàìêàõ ÂÝÎÐ Áóññàðè ÀÃ Èâàíîâ Øèìàíîâñêèé Âàëëîí 2017

ïðîèçâîëüíàÿ êèíåìàòèêà: εT ,L, t =/0,Q2 =/0



Ôîòîðîæäåíèå qq̄g

pq

pq̄

z0
pg

z4
z3

z1

z2

k

z0

z4

z1

z2

k

z0

z4

z1

z2

k

z0

z4

z3

z1

z2

k

1 2

3 4

Mα =
N2

c

2

∫
d~z1d~z2d~z3F1 (~z1, ~z2, ~z3)

α
(U13 + U32 − U12 + U13U32)

+

∫
d~z1d~z2 F2 (~z1, ~z2)

α (N2
c − 1

)
U12



Èìïàêò ôàêòîð ôîòîðîæäåíèÿ qq̄g

Äëÿ ïðîäîëüíî ïîëÿðèçîâàííîãî ôîòîíà

F1L
(
~z1, ~z2, ~z3

)
= 2Qg

e−i~pq ·~z1−i~pq̄ ·~z2−i~pg ·~z3

π
√

2p+
g

K0(QZ123)δλq ,−λq̄

×
{

(xq̄ + xgδ−sgλq )xq
~z32 · ~ε ∗g
~z 2

32
− (xq + xgδ−sgλq̄ )xq̄

~z31 · ~ε ∗g
~z 2

31

}
− (q ↔ q̄)

F2L
(
~z1, ~z2

)
= 4ig Q

e−i~pq ·~z1−i~pq̄ ·~z2√
2p+

g

δλq ,−λq̄

×
xq (xg + xq̄)

(
δ−sgλq xg + xq̄

)
xq̄ xg

~Pq̄ · ~ε ∗g
~P2

q̄

e−i~pg ·~z2 K0(QZ122)− (q ↔ q̄)

Z123 =
√

xqxq̄~z 2
12 + xqxg~z 2

13 + xq̄xg~z 2
23, Z122 =

√
xq (1− xq)~z 2

12



Èìïàêò ôàêòîð γ → qq̄

Ìàòðè÷íûé ýëåìåíò ÝÌ òîêà

Mα
0 =

∫
dd p1⊥dd p2⊥δ(pq1⊥ + pq̄2⊥ − pγ⊥)Φα0 [tr(U1U†2 )− Nc ](p1⊥, p2⊥)

z0
z1

z2

k pq

pq̄

Èìïàêò ôàêòîð äëÿ ïðîäîëüíî ïîëÿðèçîâàííîãî ôîòîíà

Φ+
0 =

2xx̄p+
γ

~p 2
q1 + xx̄Q2

(upqγ
+vpq̄ )



Èìïàêò ôàêòîð γ → qq̄ â ÑÃÏ

→ pγ

↑ l ↑ p2

↑ p1

2

pq

−pq̄y1

y2

y0

−pq̄2

pq1

→ pγ

տ l
↓ p3

↑ p1

3

y1 y2 pq

−pq̄

y0

↓ p2

→ pγ

↑ l↑ p2

↑ p1

4

y1

y2 pq

−pq̄

y0

→ pγ

← l ↑ p2

↑ p1

1

y1 y2

−pq̄2

pq1 pq

−pq̄

y0

→ pγ

տ l↑ p3

↑ p1

5

y1

y2 pq

−pq̄

y0

↓ p2

Mα = g
∫

ddp1⊥ddp2⊥

{
δ(pq1⊥ + pq̄2⊥ − pγ⊥)Φα

3
N2

c − 1
Nc

[tr(U1U†2)− Nc ]

+

∫
ddp3⊥
(2π)d δ(pq1⊥ + pq̄2⊥ − pγ⊥ − p3⊥)Φα

4 [tr(U1U†3)tr(U3U†2)− Nc tr(U1U†2)]

}
.



Äèôðàêöèîííîå ôîòîðîæäåíèå 2 ñòðóé

Ïðîèçâîëüíàÿ êèíåìàòèêà:

~pq, ~pq̄, x , t ,M2
qq̄,Q

2, εL/T

Ìàòðèöà ïëîòíîñòè äëÿ ñå÷åíèé:

dσJI =

(
dσLL dσLT
dσTL dσTT

)
, dσTL = dσ∗LT .

2 àäðîííûõ ìàòð. ýëåìåíòà: äèïîëü è äâîéíîé äèïîëü

〈p′|tr(U1U†2)− Nc |p〉, 〈p′|tr(U1U†3)tr(U3U†2)− Nc tr(U1U†2)|p〉



Ñîêðàùåíèå ñèíãóëÿðíîñòåé

ÓÔ � ñîêðàùåíû â ñëåäñòâèå òîæäåñòâ Âîðäà (Z1 = Z2)

ïî áûñòðîòå � ñîêðàùåíû êîíòð÷ëåíîì â âèäå ñâåðòêè ÿäðà ÁÊ è

áîðíîâñêîãî ÈÔ

ïðîìåæóòî÷íûå ÓÔ � ñîêðàùåíû â ñâåðòêå ÈÔ è âèëüñîíîâñêîãî

îïåðàòîðà

êîëëèíåàðíûå � óñòðàíåíû êîíóñíûì àëãîðèòìîì ∆φ2 + ∆Y 2 < R2

ìÿãêèå � óñòðàíåíû ââåäåíèåì ìèíèìàëüíîé íàáëþäàåìîé ýíåðãèèè

ñòðóè ωg < E

dσ = dσ0
αs

π

N2
c − 1

2Nc

 1

2
ln

 (x̄j~pj − xj~p̄j )
4

x2
j̄

x2
j R4~p 2

j̄
~p 2

j

ln

 4E2

x̄j xj (p+
γ )2

 +
3

2



+ ln (8)−
1

2
ln

 xj

x̄j

 ln

 xj~p
2

j̄

x̄j~p
2

j

 +
13− π2

2

 + dσreg



Èìïàêò ôàêòîð γ∗ → VL

1 2

654

3

Àìïëèòóäà ðàñïðåäåëåíèÿ ϕ òâèñòà 2 :

〈VL(pV )|Ψ̄(y)γµΨ(0)|0〉y2→0 = fV pµV

∫ 1

0
dx eix(pV ·y) ϕ(x , µF )



Èìïàêò ôàêòîð γ(∗) → VL

ACΓΠ = −eV fV εβ
Nc

∫ 1

0
dx ϕ (x , µF )

αsΓ (1− ε)
(4π)1+ε

×
∫

dd~p1,2,3

(2π)2d−1 δ
(
p+

V − p+
γ

)
δ
(
~pV − ~pγ − ~p1 − ~p2 − ~p3

)

×
{

Φβ
2

(
x , ~p1, ~p2, ~p3

) [
Tr(U1U†3)Tr(U3U†2)− NcTr(U1U†2)

] (
~p1, ~p2, ~p3

)

+ 2 CF Φβ
1 (x , ~p1, ~p2)

[
Tr(U1U†2)− Nc

] (
~p1, ~p2

)
(2π)d δ

(
~p3
)}
.

Âû÷èñëåíû:

Φβ
1 (x , ~p1, ~p2) � ÃÏ è ÑÃÏ

Φβ
2

(
x , ~p1, ~p2, ~p3

)
� ÑÃÏ



Cðàâíåíèå ñ ðåçóëüòàòàìè äðóãèõ ïîäõîäîâ

ïîñòðîåíà ïðîöåäóðà âîññòàíîâëåíèÿ ïîëíîé ôîðìû êàëèáðîâî÷íî
èíâàðèàíòíûõ îïåðàòîðîâ ïî èõ ìåáèóñîâñêîé ôîðìå Ôàäèí Ôèîðå ÀÃ 2012

�

ïîñòðîåíà ïîëíàÿ ôîðìà îïåðàòîðà, ïðèâîäÿùåãî
ÿäðî ÁÔÊË ê êâàçèêîíôîðìíîìó âèäó.



Ñâÿçü Ìåáèóñîâñêîãî è ïîëíîãî ïðåäñòàâëåíèé ÿäðà ÁÔÊË

Ïîëíàÿ ôîðìà: ÿäðî ïîëó÷åíî â èìïóëüñíîì ïðîñòðàíñòâå èç ðåäæåîííûõ

âåðøèí. Èñïîëüçóåòñÿ äëÿ ðàññåÿíèÿ ëþáûõ ÷àñòèö.

Ìåáèóñîâñêàÿ ôîðìà: ÿäðî äëÿ äèïîëüíîãî îïåðàòîðà. Ïîëó÷åíî â

êîîðäèíàòíîì ïðîñòðàíñòâå ìåòîäîì óäàðíûõ âîëí.

Ïåðåõîä îò ïîëíîé ôîðìû ê ìåáèóñîâñêîé Ôàäèí Ôèîðå Ïàïà 2007

〈~q1~q2|K̂ |~q′1~q′2〉→〈~r1~r2|K̂M |~r ′1~r ′2〉:
1 Ïðåîáðàçîâàíèå Ôóðüå
2 Îòáðàñûâàíüå ÷ëåíîâ ∼ δ(~r1′2′)

3 Äîáàâëåíèå ÷ëåíîâ, íå çàâèñÿùèõ îò ~r1 èëè ~r2, ÷òîáû 〈~r~r |K̂M |~r ′1~r ′2〉 = 0



Âîññòàíîâëåíèå ïîëíîé ôîðìû ïî ìåáèóñîâñêîé

Äîêàçàíà âîçìîæíîñòü âîññòàíîâëåíèÿ è åäèíñòâåííîñòü ðåçóëüòàòà ïðè
óñëîâèÿõ:

1 êàëèáðîâî÷íîé èíâàðèàíòíîñòè Kr |~q′1=0 = Kr |~q′2=0 = 0
2 îòñóòñòâèÿ ÷ëåíîâ ∼ δ(~q1) è δ(~q2)

Ïîñòðîåíà ïðîöåäóðà ïåðåõîäà

1 Âû÷èòàíèå ñèíãóëÿðíûõ ÷ëåíîâ ïðè ~r1′2′ = 0
2 Ïðåîáðàçîâàíèå Ôóðüå
3 Îòáðàñûâíèå ÷ëåíîâ ∼ δ(~q1) è δ(~q2)

4 Äîáàâëåíèå ÷ëåíîâ, íå çàâèñÿùèõ îò ~k = ~q1 − ~q′1: Kr |~q′1=0 = Kr |~q′2=0 = 0

Ïîñòðîåíà ïîëíàÿ ôîðìà îïåðàòîðà, ïðèâîäÿùåãî ÿäðî ÁÔÊË ê

êâàçèêîíôîðìíîìó âèäó.



Â ðåçóëüòàòå ðàáîòû ïîëó÷åíû:

1 Óðàâíåíèå ýâîëþöèè äëÿ áàðèîííîé âèëüñîíîâñêîé ïåòëè â ÃÏ, ÑÃÏ, åãî

êâàçèêîíôîðìíàÿ è ëèíåàðèçîâàííàÿ ôîðìû.

2 Óðàâíåíèÿ ýâîëþöèè äëÿ êâàäðóïîëüíîãî è äâàæäû äèïîëüíîãî îïåðàòî-

ðîâ â ÑÃÏ, èõ êâàçèêîíôîðìíàÿ ôîðìà.

3 Ðåøåíèå óðàâíåíèÿ ÁÔÊË â ÑÃËÏ äëÿ ðàññåÿíèÿ âïåðåä.

4 Èìïàêò ôàêòîðû ýêñêëþçèâíîãî äèôðàêöèîííîãî ôîòîðîæäåíèÿ 2 ñòðóé

â ÑÃÏ, ïðîäîëüíî ïîëÿðèçîâàííîãî ëåãêîãî âåêòîðíîãî ìåçîíà â ÑÃÏ, 3

ñòðóé â ÃÏ â îáùåé êèíåìàòèêå.

5 Ïðîöåäóðà âîññòàíîâëåíèÿ ïîëíîé ôîðìû êàëèáðîâî÷íî èíâàðèàíòíîãî îïå-

ðàòîðà ïî åãî ìåáèóñîâñêîé ôîðìå.

6 Ïîëíàÿ è ìåáèóñîâñêàÿ ôîðìû îïåðàòîðà, ïðèâîäÿùåãî ïîëíîå ÿäðî ÁÔÊË

â ÑÃÏ ê êâàçèêîíôîðìíîìó âèäó.
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Äèôðàêöèîííûå ïðîöåññû

Íàëè÷èå ïðîáåëà ïî áûñòðîòå ìåæäó X è Y

β =
Q2

2(p − p′)q

xP = x/β < 0.01

Ìàðêåò Øàôåë 2006



Ñèëüíûå ãëþîííûå ïîëÿ

íàñûùåíèå ρglueσ ∼ 1 =⇒ xG
πR2

h
∼ Q2

s
αs

dN
d2k

= dN
dln 1

x d2k

xG(x ,Q2
s ) ∼

∫
dx−〈P|F i+F +

i |P〉 ∼
∫ Q2

s

dk⊥
dN

dln 1
x d2k

∼ πR2
h A2 ∼ Q2

s πR2
h N

=⇒

ñèëüíûå ãëþîííûå ïîëÿ A ∼ Qs
g(Qs)

êèíåòè÷åñêàÿ ýíåðãèÿ â L ∼ ïîòåíöèàëüíîé: ∂2A2 ∼ g2A4

áîëüøèå ÷èñëà çàïîëíåíèÿ N ∼ 1
αs

ìàëûå êâàíòîâûå ýôôåêòû N ∼ 〈a+a〉 ∼ 1
αs
� 〈[a+a]〉 ∼ 1

ÌàêËåððàí Âåíóãîïàëàí 1994, Êîâ÷åãîâ 1999



Êîíäåíñàò öâåòíîãî ñòåêëà (ÊÖC)

ßäðî â ñèñòåìå ∞
èìïóëüñà

x+x−

x1 ∼ 1

x2 ≪ x1

äëÿ ïàðòîíîâ ñ p = (xP+,
~k2

2xP+ , ~k):

∆x− ∼ 1
xP+ � ñâåòîêîíóñíàÿ äëèíà âçàèìîäåéñòâèÿ

∆x+ ∼ 2xP+

~k2 � ñâåòîêîíóñíàÿ âðåìÿ âçàèìîäåéñòâèÿ

∆x−1 � ∆x−2 , ∆x+
1 � ∆x+

2

Ìÿãêèå ïàðòîíû (x2) âîñïðèíèìàþò æåñòêèå (x1) êàê

çàìîðîæåííûå òî÷å÷íûå ∼ δ(x−) êëàññè÷åñêèå
öâåòîâûå çàðÿäû

ÌàêËåððàí Âåíóãîïàëàí 1994, Êîâ÷åãîâ 1999



Ìîäåëü ÌàêËåððàíà - Âåíóãîïàëàíà (ÌÂ)

ÌÂ: çàðÿäû � âàëåíòíûå êâàðêè =⇒

∼ 1
Q2

λ ≫ Rh/γ

ïðîäîëüíîå ðàçðåøåíèå λ ∼ 1
xP+ � Rh

mp
P+ =⇒ x � A−1/3

ïîïåðå÷íîå ðàçðåøåíèå Q2 ∼ 1/S⊥ � Λ2
QCD

ïëîòíîñòü âàëåíòíûõ êâàðêîâ n ∼ NcA
πR2

h
∼ NcA

πR2
p A2/3 ∼ Λ2

QCDA1/3 � Λ2
QCD

=⇒ 1
x � A1/3 � Q2

Λ2
QCD
� 1, n ∼ Q2

s

〈Qa〉 = 0, 〈QaQb〉 = δabnS⊥ g2CF = δab NcA
Q2πR2

h
g2CF

ïàðòîíû ñ x ∼ 1 ñîçäàþò òîê Jµa = δµ+δ(x−)ρa(x−, x⊥): Qa =
∫

S⊥
dx⊥dx−ρa

ïàðòîíû ñ x � 1 � ðåøåíèÿ DµFµνa = Jνa

Ãàóññîâñêîå ðàñïðåäåëåíèå çàðÿäîâ W [ρ] = N · exp[−
∫

dx−dx⊥ ρ
a(x−,x⊥)ρa(x−,x⊥)

2µ2(x−)
],∫

dx−µ2(x−) = g2A
2πR2

h

íàáëþäàåìûå âû÷èñëÿþòñÿ óñðåäíåíèåì: 〈O[A]〉 =
∫
DρW [ρ]O[A[ρ]]



Ýôôåêòèâíàÿ òåîðèÿ ÊÖÑ, óðàâíåíèÿ JIMWLK

ìîäåëü ÌÂ: W [ρ]→WΛ+ [ρ], Λ+ ∼ P+, çàðÿäû ñ k+ > Λ+, ïîëÿ ñ k+ = xP+ < Λ+

WΛ+ = Wη, η = ln P+

Λ+ , e−η ∼ 1, çàðÿäû ñ x > e−η, ïîëÿ ñ x < e−η

ïîëÿ ñ ìàëûì õ êâàíòîâûå 〈O[A]〉 =
∫
DρWΛ+ [ρ]

{ ∫
Λ+ DAeiS[A,ρ]O[A]∫

Λ+ DAeiS[A,ρ]

}

ïðè αs ln Λ+

k+ ∼ αs ln 1
x ∼ 1 èçëó÷åíèå ãëþîíà =⇒ íîâûé çàðÿä äëÿ ìîä ìÿã÷å k+

óðàâíåíèå ýâîëþöèè:
∂Wη [ρ]
∂η = HJIMWLK Wη[ρ], íà÷àëüíûå óñëîâèÿ: W0 = WMV

Íàáëþäàåìûå:

ìíîæåñòâåííîñòè, ñïåêòðû â pp, pA, AA ñòîëêíîâåíèÿõ ...

äèôôåðåíöèàëüíîå è äèôðàêöèîííîå ñå÷åíèÿ â ep ñnîëêíîâåíèÿõ...

...

Äæàëèëèàí-Ìàðèàí ßíêó ÌàêËåððàí Âåéãåðò Ëåîíèäîâ Êîâíåð 1997 � 2002



Êèíåìàòèêà

P+
1 ∼ P−2 ∼

√
s, P−1 ∼ P+

2 ∼
M2
√

s

P2 P1

θ

p

ïñåâäîáûñòðîòà

η = − ln tg
θ

2
=

1
2

ln
p + pz

p − pz

äëÿ m = 0 : y = η

ñâåòîêîíóñíûå ïåðåìåííûå:

p± =
1√
2

(p0 ± p3), m2 = 2p+p− − p2
⊥

äîëÿ ïðîäîëüíîãî èìïóëüñà

x =
p+

P+
1
,

p⊥√
2P+

1

≤ x ≤ 1

áûñòðîòà

y =
1
2

ln
p+

p−
=

1
2

ln
2(p+)2

p⊥
= y1−ln

1
x

+ln
M
p⊥

y1 − y ' ln
1
x

Ðîæäåíèå ÷àñòèö â öåíòðàëüíîé îáëàñòè áûñòðîò îòðàæàåò ñâîéñòâà âîëíîâûõ
ôóíêöèé ñòàëêèâàþùèõñÿ ÷àñòèö ïðè ìàëûõ õ



Ñîêðàùåíèå êîëëèíåàðíîé ðàñõîäèìîñòè

Êîíòð÷ëåí äëÿ äèïîëüíîãî âêëàäà â ÑÃÏ

Φ̃β
1 (x , µF ) = −

∫ 1

0
dz K(z, x)

[
1
ε

+ ln

(
µ2

F
µ2

)]
Φβ

0 (z)

K(x , z) � ÿäðî óðàâíåíèÿ Åôðåìîâà-Ðàäþøêèíà-Áðîäñêîãî-Ëåïàæà

∂ϕ(x , µF )

∂ lnµ2
F

=
αsCF

2π
Γ(1− ε)

(4π)ε

(
µ2

F
µ2

)ε∫ 1

0
dz ϕ(z, µF )K(x , z)

Ëåïàæ Áðîäñêèé 1979, Åôðåìîâ Ðàäþøêèí 1980

K(x , z) =
1− x
1− z

(
1 +

[
1

x − z

]

+

)
θ(x − z)

+
x
z

(
1 +

[
1

z − x

]

+

)
θ(z − x) +

3
2
δ(z − x)



Ïîäõîä ÁÔÊË

ßäðî ÁÔÊË â îïåðàòîðíîé ôîðìå

K̂ = ω̂1 + ω̂2 + K̂r

ω � ðåäæåâñêàÿ òðàåêòîðèÿ ãëþîíà

K̂r � ðåàëüíàÿ ÷àñòü ÿäðà

Ñêà÷îê àìïëèòóäû â s-êàíàëå äëÿ ïðîöåññà A + B → A′ + B′:

−4i(2π)D−2δ(~qA − ~qB)discsAA′B′
AB = 〈A′Ā|eY K̂|B̄′B〉

Y = ln(s/Q2), qA = pA′ − pA, qB = pB − pB′

〈A′Ā|, |B̄′B〉 � èìïàêò ôàêòîðû



Ìåáèóñîâñêàÿ ôîðìà ÿäðà ÁÔÊË

� ýòî ÿäðî â êîîðäèíàòíîì ïðåäñòàâëåíèè, óïðîùåííîå äëÿ ðàññåÿíèÿ

áåñöâåòíûõ ÷àñòèö:

öâåòîâàÿ ïðîçðà÷íîñòü

〈A′Ā|ψ〉 = 0, åñëè 〈~q1, ~q2|ψ〉 ∼ δ(~q1) èëè δ(~q2),

ò.å. â êîîðäèíàòíîì ïðåäñòàâëåíèè 〈~r1~r2|ψ〉 íå çàâèñèò îò ~r1 èëè ~r2.

ðåàëüíàÿ ÷àñòü ÿäðà =0, åñëè èìïóëüñ âõîäÿùåãî ðåäæåîíà =0

〈~q1, ~q2|K̂r |~q ′1 , ~q ′2〉|~q′i→0 → 0.

Ñëåäîâàòåëüíî

〈A′Ā|K̂|ψ〉 = 0, åñëè 〈~q1, ~q2|ψ〉 ∼ δ(~q1) èëè δ(~q2)

(〈~r1~r2|ψ〉 íå çàâèñèò îò ~r1 èëè ~r2), ò.å. ÿäðî ñîõðàíÿåò ñâîéñòâî èìïàêò

ôàêòîðà ïàäàþùåé ÷àñòèöû.



Ìåáèóñîâñêàÿ ôîðìà

Ñëåäîâàòåëüíî âòîðîé èìïàêò ôàêòîð ìîæíî èçìåíèòü, íå ìåíÿÿ ñêà÷îê,
äîáàâèâ ÷ëåíû íå çàâèñÿùèå îò îäíîé èç êîîðäèíàò ~r1 èëè ~r2, ïðèâåäÿ åãî ê
äèïîëüíîé ôîðìå

〈~r ′,~r ′|B̄′B〉d = 0 .

ñ ïîìîùüþ ïðåîáðàçîâàíèÿ
〈~r ′1 ,~r ′2 |B̄ ′B〉 →

〈~r ′1 ,~r ′2 |B̄′B〉d = (〈~r ′1 ,~r ′2 | − 1/2〈~r ′1 ,~r ′1 | − 1/2〈~r ′2 ,~r ′2 |)|B̄′B〉.

ßäðî â êîîðäèíàòíîì ïðåäñòàâëåíèè èìååò âèä

〈~r1~r2|K̂|~r ′1~r ′2 〉 = A(~r1,~r2;~r ′1 ,~r
′

2 ) + δ
(
~r1′2′

)
D(~r1,~r2;~r ′1 ,~r

′
2 ),

ãäå â À íåò δ
(
~r1′2′

)
. Äîáàâèâ ÷ëåíû, íå çàâèñÿùèå îò ~r1 èëè ~r2 ìîæíî äîáèòüñÿ,

÷òîáû À ðàâíÿëîñü 0 ïðè ~r1 = ~r2.



Ìåáèóñîâñêàÿ ôîðìà ÿäðà

Indeed, 〈A′Ā|K̂n → 〈A′Ā|(K̂ + Ĉ)n, where Ĉ � is the operator with matrix

element independent of ~r1 or of ~r2. Expanding we get all terms with Ĉ have
〈A′Ā|Ĉ = 0 or 〈A′Ā|K̂mĈ = 0.
After this the kernel can be rewritten as

K̂ → K̂m + D̂,

where the matrix element K̂m is equal to 0 when ~r1 = ~r2, and the matrix

element D̂ has δ
(
~r1′2′

)
.

the operator D̂ can be dropped without changing the discontinuity because in
ˆ(Km + D̂)

n|B̄′B〉d all terms with D̂ have

D̂|B̄′B〉d = 0 or D̂ ˆ(Km)k |B̄′B〉d = 0.

After all these manipulations we get the kernel K̂m, which is called dipole or

M�obius.



M�obius form of the kernel

So, to �nd the M�obius form of the kernel one has to pass the following steps:

Furier transform the kernel into the coordinate space

〈~r1~r2|K̂|~r ′1~r ′2 〉 =

∫
d2q1,2,1′,2′

(2π)4 〈~q1, ~q2|K̂|~q ′1 , ~q ′2 〉ei[~q1~r1+~q2~r2−~q ′1 ~r ′1 −~q ′2 ~r ′2 ] .

Drop all terms proportional to δ
(
~r1′2′

)
.

Add to the kernel some terms independent of ~r1 or of ~r2 so that the kernel acquires
the �dipole� property 〈~r ~r |K̂|~r ′1~r ′2 〉 = 0.

After all these transformations in LO one gets the dipole evolution kernel

〈~r1~r2|K̂LO
m |~r ′1~r ′2 〉 =

αsNc

2π2

∫
d~ρ

~r12
2

~r 2
1ρ~r

2
2ρ

[
δ(~r11′)δ(~r2′ρ) + δ(~r1′ρ)δ(~r22′)− δ(~r11′)δ(r22′)

]

Here ~riρ = ~ri− ~ρ.



Freedom in the de�nition of the kernel

The discontinuity discsAA′B′
AB

−4i(2π)D−2δ(~qA − ~qB)discsAA′B′
AB = 〈A′Ā|

(
s
s0

)K̂
|B̄′B〉

does not change if one changes the kernel via a nonsingular operator Ô,

K̂ → Ô−1K̂Ô , 〈A′Ā| → 〈A′Ā|Ô , |B̄′B〉 → Ô−1|B̄′B〉 .

In LO this operator is �xed by the requirement that LO BFKL kernel equals LO

BK kernel. After �xing Ô in the leading order, there is residual freedom

Ô = 1− Ô, where Ô ∼ g2. In NLO after these transformations we get

K̂ → K̂ − [K̂(B), Ô] ,

where K̂(B) � is LO kernel.



Operator to eliminate the di�erence of BFKL and BK kernels

〈~q1, ~q2|Ô|~q ′1 , ~q ′2 〉 = 〈~q1, ~q2| −
1
2
K̂B

r ln q̂ 2
11′ |~q ′1 , ~q ′2 〉

+
αsNc

4π2 δ(~q22′)δ
(
~q11′

) ∫
d2+2εk ln~k 2

(
2
~k 2
−

~k(~k − ~q1)
~k 2(~k − ~q1)2

−
~k(~k − ~q2)
~k 2(~k − ~q2)2

)
.

With this operator the M�obius form of the transformed kernel

K̂ − [K̂ B
, Ô],

coincides with the BK kernel (2010).



Quasi-conformal kernel

Transition to the composite dipole operators of Balitsky and Chirilli equivalent to the
transformation of the kernel with the operator

K̂ → K̂QC = K̂ − [K̂B,O1],

where
〈~r1~r2|Ô1M |~r ′1 ~r ′2 〉 =

=
αs(µ)Nc

4π2

∫
d~ρ

~r12
2

~r 2
1ρ~r

2
2ρ

ln

(
~r12

2

~r 2
1ρ~r

2
2ρ

)[
δ(~r11′)δ(~r2′ρ) + δ(~r1′ρ)δ(~r22′)− δ(~r11′)δ(r22′)

]
,

It kills all nonconformal terms in the kernel which are not related to renormalization.



Restoration of full form from M�obius form

Is it possible to restore the full kernel in the momentum space from its M�obius

form in the coordinate space? Will it be unique?

Yes, if we demand

gauge invariance

Kr (~q1, ~q2;~k = ~q1) = Kr (~q1, ~q2;~k = −~q2) = 0.

absence of terms proportional to δ( ~q1) or δ( ~q2) in the kernel. It �xes the residual
freedom connected with such terms.



Restoration of full form from M�obius form

Fourier transform into momentum space

〈~q1, ~q2|K̂M |~q ′1 , ~q ′2 〉=
∫

d~r1

2π
d~r2

2π
d~r ′1
2π

d~r ′2
2π

e−i~q1~r1−i~q2~r2+i~q ′1 ~r
′

1 +i~q ′2 ~r
′

2 〈~r1,~r2|K̂M |~r ′1 ,~r ′2 〉

= δ(~q1 + ~q2 − ~q ′1 − ~q ′2 )KM (~q1, ~q2;~k),

where ~k = ~q1 − ~q ′1 = ~q ′2 − ~q2 and

KM (~q1, ~q2;~k) =

∫
d~r11′

2π
d~r22′

2π
d~r1′2′e

−i~q1~r11′−i~q2~r22′−i~k~r1′2′ 〈~r1,~r2|K̂M |~r ′1 ,~r ′2 〉

subtract singularity at ~r1′2′ = 0.

KM (~q1, ~q2;~k)− =

∫
d~r11′

2π
d~r22′

2π
d~r1′2′e

−i~q1~r11′−i~q2~r22′−i~k~r1′2′ 〈~r1,~r2|K̂NS
M |~r ′1 ,~r ′2 〉

+

∫
d~r11′

2π
d~r22′

2π
d~r1′2′e

−i~q1~r11′−i~q2~r22′ (e−i~k~r1′2′ − 1)〈~r1,~r2|K̂S
M |~r ′1 ,~r ′2 〉.



Restoration of full form from M�obius form

since

KM(~q1, ~q2;~k)− = K(~q1, ~q2;~k)−

−δ( ~q2)f1( ~q1, ~q2, ~k)− δ( ~q1))f2( ~q1, ~q2, ~k),

we should drop all terms proportional to δ( ~q1), δ( ~q2) to get K(~q1, ~q2;~k)−.

�nally, to get the full kernel we should add to K(~q1, ~q2;~k)− some terms

independent of ~k so that

Kr (~q1, ~q2;~k = ~q1) = Kr (~q1, ~q2;~k = −~q2) = 0.



Restoration of full form from M�obius form

Suppose we have two full kernels with the same M�obius form. Then their

di�erence will have zero M�obius form and

〈~r1~r2|K̂(1)|~r ′1~r ′2 〉 − 〈~r1~r2|K̂(2)|~r ′1~r ′2 〉 ∼ δ(~r1 ′2 ′)

i.e. the full kernels can di�er only in terms independent of ~k in the real part.

On the other hand, gauge invariance requires turning the di�erence

K(1)(~q1, ~q2;~k)−K(2)(~q1, ~q2;~k) into zero at ~k = ~q1 and at ~k = −~q2. Therefore,

it is zero identically.



Full form for O1

Using this procedure we restored the full form for matrix element of O1 in the momentum
space

〈~q1, ~q2|αsÔ1|~q ′1 , ~q ′2 〉 = δ(~q11′ + ~q22′)
αsNc

4π2

[
2
~k 2

ln(~k 2) +
1
~q 2

1
ln

(
~q ′ 21 ~q 2

2

~k 2~q 2

)

+
1
~q 2

2
ln

(
~q ′ 22 ~q 2

1

~k 2~q 2

)
+

1
~k 2

ln
(
~q ′ 21 ~q ′ 22

~q 2
1 ~q

2
2

)
− 2

~q1
~k

~k 2~q 2
1

ln
(
~q ′ 21

)
+ 2

~q2
~k

~k 2~q 2
2

ln
(
~q ′ 22

)

−2
~q1~q2

~q 2
1 ~q

2
2

ln(~q 2)

]
− αsNc

4π2 δ(~q22′)δ
(
~q11′

) ∫
d~l ln~l 2

(
2
~l 2
−

~l(~l − ~q1)
~l 2(~l − ~q1)2

−
~l(~l − ~q2)
~l 2(~l − ~q2)2

)
− (ψ(1) + ln 2) 〈~q1, ~q2|K̂B|~q ′1 , ~q ′2 〉 ,


	   
	
	 
	 
	   

	

