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1. Theoretical model for the nonlinear steady-state electric DL at the target-vacuum interface. 

2. Model is described by an integrable system, enabling an analytical solution for 𝒏𝒆 and 𝓔 within DL.

3. DL formed by laser interaction with a dense target is characterized in terms of three control parameters:

1) the total charge of the laser-heated ("hot") electrons,

2) the magnitude of the charge lost by the target, and

3) the hot-electron temperature.

4. For significant charge losses the maximum energy of ions accelerated within the double layer via the       

TNSA exhibits a non-trivial dependence on the laser pulse duration and focusing sharpness.

Key Points for Discussion of DL Structure
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𝒏𝒆 𝟎 = 𝒏𝟎 , 𝒏𝒆 ∞ = 𝟎 , 𝓔 ∞ = 𝟒𝝅𝝈𝒆 .

𝑸𝒆 > 𝟎 -- total charge of the laser-heated electrons;  

𝚫𝑸𝒆 > 𝟎 -- total charge loss by the target

𝜮𝒆 = Τ𝑸𝒆 𝑺 ;  𝝈𝒆= 𝜟 Τ𝑸𝒆 𝑺,  S  (10-100) 𝝁𝒎𝟐;

𝟒𝝅 𝟎׬

∞
𝒏𝒆 (𝒙)𝒅𝒙 = 𝓔(𝟎) − 𝓔(∞),   → 𝓔 𝟎 = 𝟒𝝅𝜮𝒆 ;

Boundary conditions

Basic Equations 

Charge balance condition  

𝝎𝒑𝒆
−𝟏 ≪ 𝝉 ≲ 𝝎𝒑𝒊

−𝟏 ;   𝑻𝒆 𝟏 − 𝟏𝟎 𝐌𝐞𝐕; 𝚫𝑸𝒆  (1−100) nС

Typical laser-plasma parameters   

Irradiation by a high-contrast ultrashort laser pulse

creates a steep, virtually step-like density profile at the

front target boundary, whereas the rear target-vacuum

interface, unaffected by the laser, constitutes a sharp

boundary a priori. The assumption of high laser

contrast allows to use a semi-infinite medium model in

the DL theory for both sides of the target;



Analytical solution for 𝜹 > 𝟎

Analytical solution for equations of stationary DL 

𝒏𝒆 = 𝒏𝟎𝑨𝟐𝐬𝐡−𝟐 𝑨
𝒙

𝟐𝝀𝑫

+ 𝐚𝐫𝐬𝐡 𝑨 ,

𝓔 = 𝓔𝟎𝜹𝐜𝐭𝐡 𝑨
𝒙

𝟐𝝀𝑫

+ 𝐚𝐫𝐬𝐡 𝑨 , 𝑨 =
𝜹

𝟏 − 𝜹𝟐
 .

𝒏𝒆 = 𝒏𝟎

𝒙

𝟐𝝀𝑫

+ 𝟏

−𝟐

, 𝓔 = 𝓔𝟎

𝒙

𝟐𝝀𝑫

+ 𝟏

−𝟏

 ,

Analytical solution for 𝜹 = 𝟎

𝒏𝟎 ≡ 𝒏𝒆 𝟎 =
𝟐𝝅

𝑻𝒆
𝚺𝒆

𝟐 𝟏 − 𝜹𝟐  ,  𝓔𝟎 ≡ 𝓔 𝟎 = 𝟒𝝅𝚺𝒆,

𝝀𝑫𝟎 =
𝑻𝒆

𝟐 𝟐𝝅𝒆𝚺𝒆

,  𝝀𝑫 =
𝝀𝑫𝟎

𝟏 − 𝜹𝟐
,  𝜹 =

𝝈𝒆

𝚺𝒆
 ,

𝜹 = 0.05

𝜹 = 0.02

𝜹 = 0.1

𝜹 = 0

𝜹 = 0.05

𝜹 = 0.02

𝜹 = 0.1

𝜹 = 0



𝓔𝟎

𝒆𝒏𝒄𝟎𝝀𝟎
= 𝟒𝝅

𝑻𝒆

𝒎𝒆𝒄𝟐

𝝀𝟎

𝑹
 𝑮 ,  

𝒏𝟎

𝒏𝒄𝟎
= 𝟐𝝅𝟐 𝟏 − 𝜹𝟐 𝑻𝒆

𝒎𝒆𝒄𝟐

𝝀𝟎

𝑹
 𝑮

𝟐
 , 𝝀𝟎

𝝀𝑫
= 𝟐𝝅𝟐 𝟐 𝟏 − 𝜹𝟐 𝝀𝟎

𝑹
 𝑮. 

𝑇𝑒 = 𝑚𝑒𝑐2(𝛾 − 1), where 𝛾 = 1 + 𝑎0
2/2.

Energy balance condition

𝜼𝑾𝑳 = ׬ 𝒏𝒆𝑻𝒆 + Τ𝓔𝟐 𝟖 𝝅 𝐝𝑽 , 𝑾𝑳 ≡ Τ𝒂𝟎
𝟐 𝟐 𝒏𝒄𝟎𝒎𝒆𝒄𝟑𝝉𝑺𝟎 , 𝑺𝟎 = 𝝅𝒓𝟐.

𝑾𝑳 - total  energy of a laser pulse; 𝜼 - conversion efficiency of laser energy into hot-electron energy,

𝝉 - pulse duration;  r - radius of a focal spot; 𝒂𝟎 − 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧𝐥𝐞𝐬𝐬 𝐚𝐦𝐩𝐥𝐢𝐭𝐮𝐝𝐞 𝐨𝐟 𝐚 𝐥𝐚𝐬𝐞𝐫 𝐩𝐮𝐥𝐬𝐞.

Integration over volume  V: 𝑺 ≃ 𝝅 (𝒓 + 𝒄𝝉)𝟐 = 𝑺𝟎(𝟏 + 𝒄 Τ𝝉 𝒓)𝟐 ,     𝒙 ≃ 𝑹 = 𝒓 + 𝒄𝝉.

𝑺 − 𝐞𝐱𝐩𝐚𝐧𝐝𝐞𝐝 𝐡𝐨𝐭 𝐬𝐩𝐨𝐭 ; 𝐕. 𝐘𝐮. 𝐁𝐲𝐜𝐡𝐞𝐧𝐤𝐨𝐯, 𝐀. 𝐕. 𝐁𝐫𝐚𝐧𝐭𝐨𝐯, 𝑷𝒉𝒚𝒔.Plasmas 28, 063106 (2021).

𝜹𝟐𝑮𝟐 +
𝑮

𝝅𝟐 𝟏 − 𝜹𝐜𝐭𝐡 𝟐𝝅𝟐𝜹𝑮 + 𝐚𝐫𝐬𝐡 𝑨 = ;  =
𝒎𝒆𝒄𝟐

𝑻𝒆

𝟐
𝑹

𝝀𝟎

𝜼𝑾𝑳

𝟐𝝅𝟑𝒎𝒆𝒄𝟐𝒏𝒄𝟎𝝀𝟎
𝟑  , 𝜮𝒆

𝒆𝒏𝒄𝟎𝝀𝟎
=

𝑻𝒆

𝒎𝒆𝒄𝟐

𝝀𝟎

𝑹
𝑮 .

Equation for surface charge density 

For the so-called 𝑱 × 𝑩 mechanism of laser electron heating: 

S. C. Wilks, ... Phys. Rev. Lett. Phys. Rev. Lett. v.69, 1383 (1992). Hui Chen, … Phys. Rev. Lett. 114, 215001 (2015). 

𝓔𝟎

𝒆𝒏𝒄𝝀𝟎
= 𝟒𝝅

𝝀𝟎

𝑹
 𝑮,

𝒏𝟎

𝒏𝒄
= 𝟐𝝅𝟐 𝟏 − 𝜹𝟐 𝝀𝟎

𝑹
 𝑮

𝟐
,

 

𝝀𝟎

𝝀𝑫
= 𝟐𝝅𝟐 𝟐 𝟏 − 𝜹𝟐 𝝀𝟎

𝑹
𝑮,

𝜮𝒆

𝒆𝒏𝒄𝝀𝟎
=

𝝀𝟎

𝑹
 𝑮,  𝜿 =

𝜼

𝟐𝝅𝟐

𝒓

𝝀𝟎

𝟐 𝒄𝝉

𝑹
, 𝒏𝒄 = 𝜸𝒏𝒄𝟎.

Characteristics of DL & Laser characteristics 



𝟐𝝅𝟐𝜹𝑮 + 𝐚𝐫𝐬𝐡 𝑨 > 𝟏 

Ion acceleration in DL

𝜺𝒎 = 𝒆𝒊[𝝓(𝟎) − 𝝓(𝑹)] = 𝒁𝑻𝒆𝐥𝐧 𝒏𝒆 Τ𝟎 𝒏𝒆 𝑹

Test particle approximation

𝜺𝒎 = 𝟐𝒁𝑻𝒆 𝐥𝐧 
𝟏

𝑨
𝐬𝐡 𝑨

𝑹

𝟐𝝀𝑫

+ 𝐚𝐫𝐬𝐡 𝑨 , 𝒁 = Τ𝒆𝒊 𝒆 ,

𝜺𝒎𝟎 = 𝟐𝒁𝑻𝒆𝐥𝐧 
𝑹

𝟐𝝀𝑫

+ 𝟏  , 𝝈𝒆 = 𝟎, 𝑹 = 𝒓 + 𝒄𝝉.

𝜺𝒎 = 𝟐𝒁𝑻𝒆𝐥𝐧 
𝟏

𝑨
𝐬𝐡 𝟐𝝅𝟐𝜹 𝑮 + 𝐚𝒓𝐬𝐡 𝑨  .

𝜺𝒎

𝒎𝒆𝒄𝟐 = 𝟐𝒁𝒂𝟎𝐥𝐧 
𝟏

𝑨
𝐬𝐡 𝟐𝝅𝟐𝜹 𝑮 + 𝐚𝒓𝐬𝐡 𝑨  , 𝒂𝟎

𝟐≫ 𝟏

𝑮 =
𝜿𝝅𝟐

𝟐
𝟏 + 𝟏 +

𝟐

𝜿𝝅𝟒
, 𝜿 =

𝜼

𝟐𝝅𝟐

𝒓𝟐

𝝀𝟎
𝟐

𝒄𝝉

𝑹
 ,

𝜺𝒎𝟎

𝒎𝒆𝒄𝟐
= 𝟐𝒁𝒂𝟎𝐥𝐧 𝜿𝝅𝟒 𝟏 + 𝟏 +

𝟐

𝜿𝝅𝟒
+ 𝟏  .

𝑮 =
𝟏

𝟐𝝅𝟐𝜹
−

𝟏 − 𝜹

𝜹
+ 𝟒𝝅𝟒𝜿 +

𝟏 − 𝜹

𝜹

𝟐

 ,

𝜺𝒎

𝒎𝒆𝒄𝟐
= 𝟐𝒁𝒂𝟎 𝐥𝐧

𝟏

𝟐𝑨
+ 𝐚𝐫𝐬𝐡 𝑨 −

𝟏 − 𝜹

𝜹
+ 𝟒𝝅𝟒𝜿 +

𝟏 − 𝜹

𝜹

𝟐

 ,

𝜹 → 𝟎

𝜹 = 0.15

𝜹 = 0.1

𝜹 = 0.05

𝜹 = 0.02



Examples of ion acceleration in DL 

Laser pulse compression -- problem of shortening high-power, multi-terawatt femtosecond pulses to increase 
their intensity while keeping the total energy virtually constant. 

𝜺𝒎

𝒎𝒆𝒄𝟐 ≃ 𝟏𝟎𝟐𝒁 𝑾𝑳 𝑲, 𝑲 =
Τ𝝀𝟎 𝒓

𝒄 Τ𝝉 𝝀𝟎

𝐥𝐧 
𝟏

𝑨
𝐬𝐡 𝟐𝝅𝟐𝜹𝑮 + 𝐚𝐫𝐬𝐡 𝑨  ,

𝑾𝑳 in J, 𝝀𝟎= 𝟎. 𝟖𝝁𝒎, 𝒂𝟎 > 𝟐,

𝟒. 𝟔 × 𝟏𝟎−𝟒 𝒄 Τ𝝉 𝝀𝟎 ቀ Τ𝒓 𝝀𝟎)𝟐 < 𝑾𝑳[J] 

𝝉 =25 fs,  r =5 𝝁𝒎, 

𝒓/𝝀𝟎 = 𝟔. 𝟐𝟓, 𝒄𝝉/𝝀𝟎 = 𝟗. 𝟑𝟕𝟓;

𝜹 = 𝟎. 𝟐, 𝑲 ≈ 𝟎. 𝟒𝟒𝟖; 

𝜹 = 𝟎. 𝟎𝟐, 𝑲 ≈ 𝟎. 𝟐𝟐𝟓;

𝑾𝑳 =1 J (40 ТВт, 𝒂𝟎 = 𝟒),

𝜺𝒎 ≈ 𝟐𝟎 MeV for 𝜹 = 𝟎. 𝟐, 

𝜺𝒎 ≈ 𝟏𝟎 MeV for 𝜹 = 𝟎. 𝟎𝟐, 

𝑾𝑳 =10 J (400 ТW, 𝒂𝟎 = 𝟏𝟐. 𝟒) 

𝜺𝒎 ≈ 𝟕𝟎 MeV for 𝜹 = 𝟎. 𝟐, 

𝜺𝒎 ≈ 𝟑𝟓 MeV for 𝜹 = 𝟎. 𝟎𝟐

K. V. Safronov, et al, JETP Letters, 121, Issue 7, 562 (2025). 𝑾𝑳 =1.56 J ,  r =2 𝝁𝒎, 𝜺𝒑𝒓≈ 𝟏𝟎 𝐌𝐞𝐕; 𝜺𝒎 ≈ 𝟐𝟎 𝐌𝐞𝐕;

S. Fourmaux, et al, Physics of Plasmas, 20, 013110 (2013). 𝑾𝑳 = 𝟎. 𝟓𝟒 J , r =3 𝝁𝒎, 𝜺𝒑𝒓≈ 𝟒 𝐌𝐞𝐕; 𝜺𝒎 ≈ 𝟏𝟎 𝐌𝐞𝐕;

𝐄𝐱𝐩𝐞𝐫𝐢𝐦𝐞𝐧𝐭: 𝝉 = 𝟑𝟎 fs

? Electron cooling

𝑅 → 𝑅𝑙𝑐/(𝑅 + 𝑙𝑐)



Conclusions & What’s next?

• The resulting solutions, which are of a novel form, are presented as analytical formulas.

• The theory demonstrates how the dependence of the Debye length on plasma parameters is

modified.

• A significant achievement of the theory is its inclusion of the charge lost by the target; this is

crucial for describing the DL in realistic experimental conditions and for understanding TNSA

ion acceleration.

• We emphasize that the estimates presented here regarding ion energy gain in the DL are

qualitative and problem-oriented, derived within the test-particle approximation.

This paves the way for developing a consistent theory of ion acceleration that accounts for the

self-consistent redistribution of energy between the field and the particles. An analysis of the

double-layer structure for cylindrical and spherical targets—including submicron targets with a

thickness less than the Debye length, where field penetration into the target must be taken into

account—is also of interest.



𝒆𝓔 = −𝑻𝒆

𝒅

𝒅𝒓
𝐥𝐧 𝒏𝒆 ,

𝒅(𝒓𝓔)

𝒅𝒓
= −𝟒𝝅𝒆𝒓𝒏𝒆 .

Stationary DL in Cylindrical Geometry

𝒏𝒆 𝒓 = 𝛒 = 𝒏𝟎 , 𝒏𝒆 ∞ = 𝟎 , 𝓔 𝒓 = 𝛒 = 𝟒𝝅𝝈.

Boundary + Charge balance conditionsBasic Equations 

Analytical solution

𝓔 =
𝟐𝑻𝒆

𝒆𝒓
𝟏 +

𝑪𝟏

𝟐
𝐜𝐭𝐡

𝑪𝟏

𝟐
𝐥𝐧

𝒓

𝛒
+ 𝐚𝐫𝐬𝐡

𝑪𝟏𝝀𝑫
𝟐

𝛒𝟐
 .

𝒏𝒆 = 𝒏𝟎

𝑪𝟏𝝀𝑫
𝟐

𝒓𝟐
𝐬𝐡−𝟐

𝑪𝟏

𝟐
𝐥𝐧

𝒓

𝛒
+ 𝐚𝐫𝐬𝐡

𝑪𝟏𝝀𝑫
𝟐

𝛒𝟐
, 𝑪𝟏 ≥ 𝟎 ,

𝜹 =
𝝈𝒆

𝝈
 ,

𝟐 𝟐𝝅𝒆𝝀𝑫

𝑻𝒆
𝝈𝒊𝒏 = 𝟏 + 𝑪𝟏 Τ𝝀𝑫

𝟐 𝛒𝟐 − 𝑪𝟏 Τ𝝀𝑫
𝟐 𝛒𝟐  .

𝟐 𝟐𝝅𝒆𝝀𝑫

𝑻𝒆
𝝈 = 𝟏 + 𝑪𝟏 Τ𝝀𝑫

𝟐 𝛒𝟐 + 𝟐 Τ𝝀𝑫 𝛒 , 𝝈 − 𝝈𝒊𝒏 = 𝝈𝒆 ,

𝑪𝟏 =
𝟐 𝟐𝝅𝒆𝛒𝝈

𝑻𝒆
𝜹 −

𝑻𝒆

𝟐𝝅𝒆𝛒𝝈
 , 

𝒏𝟎 =
𝟐𝝅𝝈𝟐

𝑻𝒆
𝟏 − 𝜹 𝟏 + 𝜹 −

𝑻𝒆

𝝅𝒆𝛒𝝈
 . 

• Energy balance condition

• Equation for surface charge density

Characteristics of DL & Laser characteristics 

• Specification of mechanism of laser 

electron heating

• Limitations on losses of electrons 𝜹 ≪
𝝀𝑫

𝛒
, ? ? ?



Analytical solution 

Analytical approach to stationary DL : self-consistent losses

𝒏𝟎 ≡ 𝒏𝒆 𝟎 =
𝟐𝝅

𝑻𝒆
𝚺𝒆

𝟐 𝟏 − 𝜹𝟐  ,  𝓔𝟎 ≡ 𝓔 𝟎 = 𝟒𝝅𝚺𝒆,

𝝀𝑫𝟎 =
𝑻𝒆

𝟐 𝟐𝝅𝒆𝚺𝒆

, 𝝀𝑫 =
𝝀𝑫𝟎

𝟏 − 𝜹𝟐
, 𝑨 =

𝜹

𝟏 − 𝜹𝟐
.

𝓔𝟎 ≡ 𝓔 𝟎 = 𝟒𝝅𝚺𝒆,

𝟒𝝅𝚺𝒊𝒏 = 𝟒𝝅𝒆 𝟎׬

𝑹
𝒏𝒆 𝒙 𝒅𝒙 = −𝓔 𝑹 + 𝓔 𝟎 ,

𝟒𝝅𝚺𝒊𝒏 =
𝟐𝑻𝒆

𝒆𝝀𝑫
𝟏 + 𝑨𝟐 − 𝑨 𝐜𝐭𝐡 𝑨

𝑹

𝟐𝝀𝑫

+ 𝐚𝐫𝐬𝐡 𝑨  , 𝜹 =
𝑨

𝟏 + 𝑨𝟐
𝐜𝐭𝐡 𝑨

𝑹

𝟐𝝀𝑫

+ 𝐚𝐫𝐬𝐡 𝑨  ,  𝜹 =
𝚺𝒐𝒖𝒕

𝚺𝒆
 .

𝟒𝝅𝜮𝒐𝒖𝒕 =
𝟐𝑻𝒆

𝒆𝝀𝑫
𝑨 𝐜𝐭𝐡 𝑨

𝑹

𝟐𝝀𝑫

+ 𝐚𝐫𝐬𝐡 𝑨  .

𝜮𝒊𝒏 < 𝜮𝒆 

𝚺𝒐𝒖𝒕 = 𝚺𝒆 − 𝚺𝒊𝒏

𝒏𝒆 = 𝒏𝟎𝑨𝟐𝐬𝐡−𝟐 𝑨
𝒙

𝟐𝝀𝑫

+ 𝐚𝐫𝐬𝐡 𝑨 ,

𝓔 =
𝟐𝑻𝒆

𝒆𝝀𝑫
𝑨 𝐜𝐭𝐡 𝑨

𝒙

𝟐𝝀𝑫

+ 𝐚𝐫𝐬𝐡 𝑨  .

Boundary + Charge balance conditions

𝟒𝝅𝚺𝒆 = 𝟐 Τ𝑻𝒆 𝒆 𝝀𝑫 𝟏 + 𝑨𝟐,

𝐀 =? ? ?

𝑹 → ∞

Equation for A(𝜹)

𝑨 → 𝟎, 𝑹 < ∞

𝜹 =
𝑹

𝟐𝝀𝑫

+ 𝟏

−𝟏

 , 

Small finite losses for limited values of R/ 𝟐𝝀𝑫 !!! 



Thank you for attention! 

Questions? 
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